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Abstract 



The basic properties of the Temperley-Lieb algebra TL„ with parameter j3 = q + q~ l , q G 
C \ {0}, are reviewed in a pedagogical way. The link and standard (cell) modules that appear in 
numerous physical applications are defined and a natural bilinear form on the standard modules is 
used to characterize their maximal submodules. When this bilinear form has a non-trivial radical, 
some of the standard modules are reducible and TL„ is non-semisimple. This happens only when 
q is a root of unity. Use of restriction and induction allows for a finer description of the structure 
of the standard modules. Finally, a particular central element F n £ TL„ is studied; its action is 
shown to be non-diagonalisable on certain indecomposable modules and this leads to a proof that 
the radicals of the standard modules are irreducible. Moreover, the space of homomorphisms 
between standard modules is completely determined. The principal indecomposable modules 
are then computed concretely in terms of standard modules and their inductions. Examples are 
provided throughout and the delicate case j5 = 0, that plays an important role in physical models, 
is studied systematically. 



1 Introduction 

The Temperley-Lieb algebras are key objects both in mathematics and physics. Temperley and 
Lieb [1J introduced them as complex associative algebras that arose in their study of transfer matrix 
approaches to (planar) lattice models. This family of algebras, indexed by a positive integer n 
and a complex number /3, spread quickly through the physics community where it underlies the 
study of Potts models [2], ice-type models (3j , and the Andrews-Baxter-Forrester models [4 1. That 
Temperley-Lieb algebras play a fundamental role in our modern understanding of phase transitions 
cannot be overstated. These algebras were subsequently rediscovered by Jones [5] who used them 
to define what is now known as the Jones polynomial in knot theory. The Temperley-Lieb algebras 
are also intimately connected with the representation theory of the symmetric groups through their 
realisation as natural quotients of the (type A) Hecke algebras (see [6] for example). 

As is usual in physical applications, it is the representation theory of the Temperley-Lieb algebra 
TL„ which is the main focus of attention. Indeed, Temperley and Lieb's original contribution takes 
place in a 2" -dimensional representation commonly used by physicists for the study of spin chains. 
Such representations still form an active direction of research in mathematical physics. There are, 
in addition, somewhat smaller representations that are perhaps more natural to consider including, 
in particular, those which we shall refer to in what follows as link representations. From these, 
one obtains quotients that have come to be described as being standard. It is well-known that these 
standard representations are irreducible for almost all values of the parameter j8 and that for such j8, 
the (finite-dimensional) representations of TL„ are completely reducible. However, it is a curious 
fact that the j3 which are thereby excluded consist, to a large degree, of the parameter values that 
are of most interest to physicists. 
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This failure of complete reducibility is also well-known and there have been significant efforts 
by physicists and mathematicians to understand the representation theory for these exceptional val- 
ues of [5 . There is a continuing interest in this quest due to the current reinvigoration of the study 
of logarithmic conformal field theories. To explain, the lattice models studied by physicists are 
believed to have limits (as n — > oo say) in which the model should be replaced by a field theory 
possessing conformal invariance. The representations upon which the lattice model is founded 
are supposed to be replaced by representations of the quantised algebra of infinitesimal conformal 
transformations, the Virasoro algebra (see [0 for a recent attempt to formalise this). Moreover, 
the corresponding conformal field theory is now believed not to be a minimal model, as the orig- 
inal paradigm suggested, but rather some logarithmic version thereof ll8l-fl0lL Here, "logarithmic" 
indicates that the Virasoro algebra representations involved also fail to be completely reducible. 
Conjecturing results about these logarithmic theories through the study of their lattice counterparts 
remains a popular approach. 

Perhaps the first to seriously address the structure of Temperley-Lieb representations for all j8 G 
C was Martin. In 0, he devotes two chapters to obtaining an explicit construction of the principal 
indecomposable representations of the Temperley-Lieb algebra. The arguments are rather involved 
and rely heavily upon intricate combinatorics and a detailed study of a collection of primitive 
idempotents introduced by Wenzl ifTTI . Shortly thereafter, and independently, Goodman and Wenzl 
|[T2l applied a similarly detailed study of these idempotents to prove explicit results concerning the 
structure of the blocks (two-sided ideals) of the Temperley-Lieb algebras. The proofs require a 
long series of elementary but tedious lemmata. Unfortunately, they exclude the case when /3 = 
which is of considerable physical interest. Nevertheless, their methods lead to explicit and highly 
non-trivial descriptions for the radicals of the blocks. 

We should also mention the well-known contribution of Westbury [131. His article approaches 
the representation theory of the Temperley-Lieb algebras from a more algebraic, and less combi- 
natorial, perspective. First, a sufficient condition for complete reducibility in given whose form 
is very familiar to conformal field theorists. This criterion is the non-degeneracy of an invariant 
bilinear form acting on the standard representations and Westbury computes the determinant of 
this form explicitly (the analogous result for the Virasoro algebra is, of course, the formula of Kac 
for the determinant of the form defined on Verma modules). The technique employed involves 
recursion relations and was suggested by older work of James and Murphy Ifl4j . (The recursion 
Westbury employs contains a mistake, as is illustrated by the example he gives.) The rest of West- 
bury's article addresses what happens when complete reducibility fails. The method involves using 
induction and restriction to determine abstractly the spaces of homomorphisms between standard 
representations (although there is mention of certain explicit constructions along the lines of Mar- 
tin). Proofs are often minimal, incomplete or, in one case, referred to Martin's book. Crucial points 
are therefore left without complete arguments: The exactness of the sequences satisfied by the 
restriction and induction of standard modules, the existence of non-trivial isomorphisms between 
certain standard modules when q is a root of unity, and the construction and completeness of the 
set of principal indecomposable modules. 
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While the above makes our dissatisfaction with Westbury's article evident, his algebraic ap- 
proach to the Temperley-Lieb algebra provides, in our opinion, an excellent road-map to learning 
this particular corner of representation theory. Indeed, our motivation for writing this article de- 
rives in large part from a desire to have a pedagogical and (mostly) self-contained summary of 
Temperley-Lieb theory, including detailed proofs. We believe that this will be of significant value 
to mathematical physicists working on lattice models and conformal field theories, as well as pro- 
vide novice representation-theorists with an excellent worked example over C which explicitly 
illustrates some of the difficulties of non-semisimple associative algebras. 

Of course, there are many possible approaches to Temperley-Lieb theory and we certainly do not 
claim that ours is in any way the best. Indeed, we have tried to minimise the level of sophistication 
required wherever possible while still introducing the most basic tools that are indispensable for 
non-semisimple representation theory. To illustrate our prejudices in this regard (and to borrow 
from John Cardy [15 1), we mention that the word 'quiver' has just made its only appearance. 
Other elegant alternatives include deducing the results from their Hecke algebra analogues (see 
for example) or using Schur-Weyl duality and quantum group representation theory (see ll"i~6l for 
a recent sketch in this direction). We also mention a powerful category-theoretic approach due 
to Graham and Lehrer iTTTl in which structural results for TL„ follow as special cases of their 
investigations into the affine Temperley-Lieb algebras. 

The article begins in Section |2] with a review of the diagrammatic and algebraic definitions of 
the Temperley-Lieb algebras, proving their equivalence using a standard combinatorial argument. 
Here, we follow the seminal work of Jones O. We note, in particular, his result concerning a 
canonical form for monomials constructed from the standard Temperley-Lieb generators. This 
turns out to be crucial for the analysis of inducing standard representations in Section [6] We remark 
that we make a "heretical" choice for Temperley-Lieb diagrams, orienting them at ninety degrees to 
that customarily found in the literature (see lTT8l for a precedent illusttating this heresy). This choice 
facilitates the translation between the diagrammatic and algebraic depictions of multiplication: A 
diagram drawn on the left of another object corresponds to a left-action on this latter object. We 
also find it notationally convenient for the following section. 

Section [3] then introduces the link representations and their quotients, the standard representa- 
tions. Various basic, but essential, results are proven for the latter, roughly following the beautiful 
work of Graham and Lehrer on cellular algebras [19] (the standard representations are cell repre- 
sentations in their formalism). Particular attention is paid to the problematic case /3 = in which 
there is a single standard representation upon which the usual invariant bilinear form vanishes 
identically. 

The hard work begins in Section |4]in which we compute the determinant of an invariant bilinear 
form on the standard representations. Here, we follow Westbury lfl3l in using module restriction 
to block-diagonalise the Gram matrices and deduce recursion relations for the diagonalising matri- 
ces. (One can also use idempotents to derive such recursion relations; see ifTTl for example.) As 
mentioned above, the recursion relation that Westbury gives is incorrect and we discuss in detail 
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the appropriate refinements that have to be made. The determinant formula then leads to the well- 
known result concerning the generic semisimplicity of the Temperley-Lieb algebras. Section [5] 
then uses the proof of the determinant formula to compute the dimension of the kernel of the Gram 
matrix and thence the dimensions of the radicals and irreducible quotients of the standard repre- 
sentations. By utilising pictures known as Bratteli diagrams, we motivate the conjecture that these 
radicals are themselves irreducible (when non-trivial). 

Sections [6] and [7] are devoted to proving this conjecture. The first details what is obtained upon 
performing the induced module construction on a standard representation of TL„ to obtain a repre- 
sentation of TL n+ i. This result is stated in Westbury, but without proof. We then use these induced 
representations, in the second, to demonstrate the existence of certain homomorphisms between 
standard representations. This relies crucially upon a computation which shows that a particular 
element, which we call F n , of the centre of TL„, acts in a non-diagonalisable fashion upon appro- 
priately chosen induced modules. The existence of these homomorphisms is enough to prove the 
conjecture that the radicals of the standard modules are irreducible (or trivial). To our knowledge, 
this irreducibility was first proven in lUTI ; our elementary proof appears to be quite different. 

The analysis to this point leaves several questions unanswered, one of which is whether we 
have determined a complete set of mutually non-isomorphic irreducible representations. Answer- 
ing questions like these require a little more sophistication and so we turn, in Section [8] to the 
consideration of the principal indecomposable representations. For this we employ, once again, the 
induced module technique developed in Section [6] to concretely determine the structure of these 
representations in terms of that of the standard representations. We remark that the proofs rely 
heavily on an extremely convenient property of the central element F n (and that this property is 
not shared by the central element that appears in Westbury). After a brief summary reporting what 
has been proven, we conclude with two appendices. The first defines F„ and proves the properties 
that we require. The second lists a selection of standard representation-theoretic results that are 
needed. The text is liberally peppered throughout with examples chosen to highlight the theory 
being developed. We hope that the reader will find them useful for understanding this beautiful 
corner of representation theory. 

We end this introduction with a list of common symbols and terms. 
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Glossary of Terms and Symbols 

M„ and M„ j/7 : link modules 

Vn,p = 3VC n) p/M B)P +i: standard modules 

Xi, P C V n , P - radical of (•,•}«,/> on V n>p 

&n,p = Vn,p/%i,p- irreducible quotient of the standard modules 

7 n y. principal indecomposable module with quotient L np 

M| : restriction of M from TL„ to TL„_i 

Mt : induction of M from TL„ to TL„ + i 

basis §„ iP for the induced module V n »t 

(•) •) = ('r)n.p'- bilinear form on V np 

(n,p) is critical if q 2 ( n - 2 P+V = \ 

critical lines, critical strips of the Bratteli diagram 

d n ^ p : number of {n,p)-\mk states 

F„ and f„ iP : central element of TL„ and its eigenvalues 

G„ iP : Gram matrices (( •, -) np in the basis of link states) 

Jones' normal form and reverse normal form 

simple link in a link state 

admissible link state 

a symmetric pair V nj> and W n p i 



beginning of Section [3] 
Equation (13.31 ) 

Equation ( 13.101 ) and Proposition 13.31 

after Proposition [33] 

beginning of Section [8] 

Proposition 14.11 

beginning of Section [6] 

before Proposition 16.31 

before Lemma [3TT1 

after the proof of Corollary 14.21 

after Corollary 15.21 

before Equation (12.81 ) 

Appendix lAl and Proposition IA.2I 

beginning of Section [4] 

Proposition 12.21 

before Lemma [6TT1 

before Lemma l6\2l 

beginning of Section [7] 
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2 Diagrams and Presentations 

Let us define an ^-diagram algebra, for n a positive integer, as follows. First, draw two parallel 
vertical lines and mark n points on each. The 2n points obtained are then connected pairwise 
by n links (arcs) which do not intersect and which lie entirely between the two vertical borders. 
This gives what we will call an n-diagram. Second, form the complex vector space generated 
formally by the set of all ^-diagrams. Third, endow this vector space with a multiplication given 
by concatenating two ^-diagrams, replacing each interior loop by a factor j3 G C, and identifying 
(and then removing) the two interior vertical borders. For example, for n = 3, 




(2.1) 



This multiplication defines, for each j3 G C, an associative algebra called the ^-diagram algebra. It 
is easily checked that this algebra has a unit given by the diagram 



We note here for future reference that much of what follows is simplified algebraically upon making 
the identification /3 = q + q^ 1 with q G C x . Of course this implies that the resulting theory must 
be invariant under the exchange of q with q~ x . 

The ^-diagram algebra is in fact isomorphic to the Temperley-Lieb algebra TL„, as we shall 
see. The latter algebra is abstractly defined as being generated by a unit 1 and elements i = 
1,2, ... ,7i — 1, satisfying 

uf = put, UiUi±\Ui = ut and UjUj = UjUi if \i — j\ > 1. (2.2) 

Indeed, if we make the identifications 



and 



l 

(-1 
u i = i+l 

i+2 
n 



) ( , 



(2.3) 
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then we can verify explicitly the properties of the unit (which are clear) and the defining relations 







) ( 


) ( 







) (=j3«. 



(2.4a) 



Uilii—iUi 









) c 


) c 


) c 













) ( 







(2.4b) 



and UjUj 







) ( 










) ( 







Ujm (|i-j|>l). (2.4c) 



The verification of w;M i+ iw,- = Uj is just (12.4bl) viewed upside-down. More formally, note that the 
Temperley-Lieb algebra TL„ has an automorphism specified by 1 \— > 1 and Uj h-> m„_,-. This cor- 
responds to reflecting our diagrams about a horizontal line. Finally, the map m, \— > —Uj defines an 
isomorphism between the two algebras TL„ with parameters j8 and — j8. 

This shows that the ^-diagram algebra is a quotient of the abstract Temperley-Lieb algebra — 
the diagram algebra might satisfy further independent relations. To show that there are no further 
relations, hence that we have the isomorphism of algebras claimed above, we only need to show 
that the dimensions of the diagram algebra and the Temperley-Lieb algebra coincide. To show this, 
let us first consider the "half-diagrams" obtained from an w-diagram by cutting vertically down 
the middle. Each half then has n marked points, but only some of these will still be connected by 
"links". If a half-diagram has p links, then there will be n — 2p points which are not connected to 
anything. The latter points will be referred to as defects and a half-diagram with n points and p 
links will be called an (n,p)-link state. An example with n = 7 and p = 3, hence 1 defect, is given 
by 
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) 



We will always orient our link states so that the links and defects face to the right. 

An ra-diagram can now be cut in half and reassembled into a (2«,«)-link state by rotating the 
incorrectly oriented half so that it lies below the other, and then rejoining the defects of each half 
as they were joined in the original ra-diagram: 



) 




c 



c 



) 



As this procedure is obviously reversible, this establishes a bijection between ra-diagrams and 
(2«,«)-link states. 

The set of all -link states is in turn in bijection with the increasing walks on 1? from (0,0) 
to (n — p,p) which avoid crossing the diagonal (m,m). Here, "increasing" means that the walker 
may only move up or to the right at each step. This bijection is easy to describe: Reading an (n,p)- 
link state from top to bottom, the walker moves up at the k-th step if the k-th marked point closes a 
link. Otherwise, the walker moves right. For the example above with n = 7, p = 3, 
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The walk will never cross the diagonal because we cannot close a link without first opening it. 
Conversely, given such an increasing path, we follow it backwards starting from (n — p,p) and 
construct the corresponding (n,p) -link state from bottom to top: Every time we move down, we 
open a link. Every time we move left, we close the newest open link, if one exists to be closed. If 
one does not, then that marked point becomes a defect. As the walk is never above the diagonal, 
there are never more down moves than left moves remaining, so we are never left with an open link 
that cannot be closed. The bijection is now clear. 

This proves that the number of (n,p)-lmk states is equal to the number of increasing walks on 
1? from (0,0) to [n — p,p) which avoid crossing the diagonal. In particular, the dimension of the 
ra-diagram algebra is therefore the number of increasing walks on Z 2 from (0,0) to (n,n) which 
avoid crossing the diagonal. We will now establish the same result for the abstract Temperley-Lieb 
algebra TL„. Here we follow the seminal paper of Jones [H. 

First, define a word to be a monomial in the Temperley-Lieb generators, «,-, u\ 2 • • • U[ k for example. 
A word is said to be reduced if we cannot use the relations (I2.21 i to rewrite it with fewer generators. 
The key insight into converting a given word into reduced form is contained in the following result. 

Lemma 2.1. In Qfiy reduced Tewipevlcy-Licb word w/j Uf • • • U{ k , the maximal index m = max { ij : j = 
occurs only once. 



Proof. We use induction on the maximal index m of our reduced word, the case m = 1 being 
obvious. Suppose then that we have a reduced word in which u m appears twice or more, so our 
word has the form • • • u m Uu m • • • , in which the maximal index m' of U is less than m. U must also 
be reduced (otherwise our word would not be), so we may assume that its maximal index appears 
only once. Now if m' < m — 1, then u m commutes with every generator appearing in U, so we can 
bring the two w, n 's together and use u^ = j5u m to reduce our word even further. But, m' = m — 1 
means that u m commutes with every generator in U except u m -\, so this generator appearing only 
once in U means that we can sandwich it between the two w m 's and use u m u m -\u m = u m . Both 
possibilities contradict the assumption that our word is reduced, so we conclude that u m can only 
appear once. ■ 



This simple argument allows one to order reduced words by pushing the maximal index as far as 
possible to the right. More specifically, if U is a reduced word and m the maximal index appearing 
then we claim that it is possible to commute the u\ so that we have the form 

U = U' (u m u m -i ■■■u m -e), (2.5) 

where U' is a reduced word whose maximal index is less than m. If there were a gap in the sequence 
of indices following U', then the element after the gap would commute with the generators to the 
left of the gap (up to u m ), so could be relocated to the left of u m (and absorbed in U'). If the 
sequence of indices following U' did not decrease, then one could use uf = put or uiUi-\Ui = ui to 
further reduce the word (contradiction). The claim is therefore established. 



D RIDOUT AND Y SAINT- A UBIN 



11 



Since U' is a shorter reduced word with a smaller maximal index, the same arguments apply, 
allowing us to write it as U" times another such uniformly decreasing sequence of generators. 
Induction then leads us to Jones' normal form for reduced Temperley-Lieb words: 

Proposition 2.2 (Jones' Normal Form). Any reduced Temperley-Lieb word U G TL„ may be written 
in the form 

U = (u h w 7l -i • ■ ■ u kl ) (u j 2 u h -\ ■■■u k2 )---(u jr Uj r - l ---u kr ), (2.6) 

where < ji <••■ < j r - 1 < jr < n and < k\ <••■ < k r -\ < k r < n. Similarly, any reduced word 
may also be written as 

U = ■■■Uk 1 ) {uj 2 Uj 1+ \ ■■■Uk 2 )--- (uj r Uj r+ i • • • Ujc r ) , (2.7) 

with n > j\ > ji > • ■ ■ > j r > and n > k\ > > • • • > k r > 0. 

Proof. The increasing nature of the /,• follows from the fact that they are the maximal indices of 
the subwords . . . ,U" ,U' ,U . For the kj, note that if ki ^ for some i, then we could commute 
the Uk t appearing at the end of its decreasing sequence to the right until it bumped up against the 
Ukj+\Ukj appearing in the next decreasing sequence. The defining relations (12.21 ) again give us a 
contradiction to our word being reduced. Thus, we must have < k\ < • • • < k r -i <k r <n as well. 
The proof of the second form is similar. ■ 

We shall refer to words satisfying (I2.61 l as elements in Jones' normal form and those satisfying 
(12.71 ) as being in reverse Jones' normal form. 

The point of this theory is to establish that every monomial in the Temperley-Lieb generators is 
(up to factors of j8) equal to a ordered reduced word of the form 1X2.6) . with strictly increasing ji 
and kj. The dimension of the algebra TL„ is then bounded above by the number of such ordered 
reduced words. 1 Note that if these ordered reduced words were linearly independent, then this 
bound would become an equality. Our next task is to show that this number coincides with the 
number of increasing walks on Z 2 from (0,0) to (n,n) which avoid crossing the diagonal. Then, 
we will have shown that TL„ has a quotient (the w-diagram algebra) whose dimension is equal to 
our upper bound on the dimension of TL„. It then follows that the bound is an equality, so the set 
of ordered reduced words is in fact a basis. 

Naturally, this is achieved by constructing a bijection. This is done by stripping the indices j, 
and kj from the ordered reduced words (12.61 of TL„ and encoding them as a walk on I? as follows: 

— >■ ^(0,0) -> (ji,0) -»• (Jhh) -> UiM) -> UiM) -> ► UnK-i) -> (j r ,k r ) -> (n,kr) -»• (n,n) 



'When /3 = 0, we have the slight modification that every monomial in the Temperley-Lieb generators is either equal 
to a uniquely ordered reduced word of the form (12.61 . with strictly increasing jj and ki, or is identically zero. The 
conclusion remains valid. 
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(The empty word corresponding to the unit 1 in TL„ is encoded as ((0,0) 
example, in TLg we have 



(n,0) — > (n,ri)).) For 



(«l) (U4II3U2) (M6M5M4M3) (usiij) 



(9,9) 



(0,0) 1 

The walks so obtained cannot cross the diagonal because j !+ i > j\ ^ kj, and they are increasing 
because j, < and < itj+i. Conversely, any increasing path from (0,0) to (n,n) is entirely 
determined by its corners. The coordinates of these corners may be used to construct a reduced 
word of the form (12.61 ) and it is easy to check that the jj and ki so defined satisfy j, < jYf 1 and 
h < ki + \. Avoiding crossing the diagonal translates into jj 

This bijection therefore completes the proof that the dimension of the ^-diagram algebra co- 
incides with that of the abstract Temperley-Lieb algebra TL„ (this dimension is obviously finite). 
As noted above, this is sufficient to conclude that these algebras are in fact isomorphic. It is not 
difficult now to complete this circle of ideas and actually compute the dimensions of these algebras 
by counting the increasing paths from (0,0) to (n,n) which avoid crossing the diagonal. 

In fact, we shall generalise slightly and count the increasing paths from (0,0) to (n — p,p) which 
avoid crossing the diagonal. This more general computation then gives the number of («,p)Tink 
states. Let this number be d n:P . Since an increasing path ending at (n — p,p) must pass through 
either [n — p — l,p) or (n — p,p — 1) (but not both!), we obtain the recursion relation 



dn—l,p &n—\,p—\ ■ 



(2.8) 



With the "boundary values" d Ki o = 1 (the only increasing path which never goes up is the one 
which only moves to the right) and d2 P -i. p = (the paths are not allowed to cross the diagonal), 
this completely determines the numbers d njP . Its solution is easily verified to be 



n 

p-l 



(2.9) 



where we understand, as usual, that (jJ = 
Temperley-Lieb algebra TL„ have dimension 

/2n 

dimTL„ =d 2n , n = 
This is of course the «-th Catalan number. 



0. It follows that the ^-diagram algebra and the 



In 
n-l 



n+l 



(2.10) 



To summarise, we have proven the following result in this section. 
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Theorem 2.3. The abstract Temperley-Lieb algebra TL„ and the algebra of n-diagrams are isomor- 
phic (for given n € Z + and /3 £ C). The dimensions of these algebras are given by Equation (12. 10b . 



We mention that combining the result on dimensions with the "cutting" of n-diagrams into two 
(n,/?)-link states leads to the curious identity 

L«/2j 

dln.n = XI d np- ( 2 - U ) 

p=0 

This only requires observing that the two link states must have the same number of links p so that 
each defect of the first may be joined to a defect of the second. 



14 



STANDARD MODULES, INDUCTION AND THE TEMPERLEY-LIEB ALGEBRA 



3 Standard Representations 

The (n,p)-link states are not just convenient for combinatorial arguments. They in fact admit a 
very natural action of the Temperley-Lieb algebra TL„. More precisely, if we let M„ denote the 
complex span of the (n, p)-\ir\k states (over all p), then M„ is naturally a left TL„-module under 
the concatenation of diagram with link state. We will refer to this module as the link module. An 
example should serve to make the action clear: 



) c 






) ( 




) 








)) 







(3.1) 



Equation ( 13.71 ) provides an example in which a loop is closed upon concatenation. We note that 
the number of defects need not be conserved under the TL„ -action. However, this action can only 
close defects in pairs, so the number of defects never increases. Equivalently, the number of links 
never decreases under the TL„-action. 

We can therefore identify TL„-submodules M M p C M„ which are spanned by the (n,p')-link 
states with p' ^ p. This gives us an obvious filtration 

C M„ iL „ /2j C • • • C M„,i c M„, = M„, (3.2) 
whose consecutive quotients will be denoted by 

M n ,p+i 

The V„ p are therefore TL„-modules in which the action is by concatenation when the number 
of links (and defects) is conserved and zero otherwise. We shall refer to them as the standard 
modules. As vector spaces, they are spanned by the (n,p)-link states (we shall often forget to 
distinguish an element of M„ p from its coset in V n p when it is not crucial), so their dimensions are 
the d n p computed in Equation ( 12.9I ). For example, V n o is always one-dimensional, spanned by the 
link state with no links (all defects). The Temperley-Lieb generators all act trivially on V„ o (they 
would all close two defects), except the unit of course, which acts as the identity. 

It is natural to ask at this point if the V n „ are irreducible as TL„-modules. We will see, eventually, 
that the answer is genetically "yes". The story is subtle however and will not be completed until 
the end of Section |4] We will approach this irreducibility in a manner familiar to physicists, by 
studying the non-degeneracy of an invariant bilinear form. Let us therefore recall that we have 
oriented our link states so that the links and defects point to the right. This facilitates a left action 
of the Temperley-Lieb algebra. We could also introduce the reflections of the link states across a 
vertical line. The links and defects would then point to the left, and we would have a natural right 
action of TL„ on these reflected link states. This suggests that we might be able to treat reflected 
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link states as linear functionals acting on the link states, hence that combining a reflected link state 
with a standard link state may lead to an interesting bilinear pairing. 



We therefore define, on each V np , a form 



as follows. If x and y are two (n,p) 



hP< \ ' i \ > / n ,p 

link states, then (x,y) is computed by reflecting x across a vertical line and identifying its vertical 
border with that of y. The value (x,y) is then non-zero only if every defect of x ends up being 
connected to one of y; when this is so, (x,y) = /3 m where m is the number of closed loops so 
obtained. This is then extended bilinearly 2 to all of V n ,p- As examples, we compute that in V41, 



) 






) 


) >= 1 


) 


\ -p. ( 


) 





1 and 



) 


r>-J 


J 





0. (3.4) 



Note that this bilinear form is symmetric 
the pictorial interpretation. 



6c, y) and (y,x) are just reflections of one another in 



Consider now the reflection of an ^-diagram about a vertical line. This will be another n- 
diagram, so reflection defines a linear map from TL„ to itself. This obviously preserves the multi- 
plication except that the order will be reversed — this map is an antiautomorphism of TL„. 3 We 
will therefore regard it as an adjoint, denoting it by U 1— > U^. It is clear from Equation (12.31 ) that 
l 1 " = 1 and u) = This definition is natural and useful. Indeed, it shows that the bilinear forms 
we have defined turn out to be invariant with respect to the TL„ -action. 



Lemma 3.1. The bilinear form on V, hp satisfies 

(x,Uy) = (U'x,y) for all U € TL„ andx,y € V„ )P . 



(3.5) 



To see this, we merely note that the two sides of (13.51 ) are identical when expressed in terms of 
diagrams and link states. 

We introduce a convenient notation |x y| for the unique ^-diagram which, when cut in half 
vertically, decomposes into the («,p)-link state x and the vertical reflection of the («,p)-link state 
y. Extending linearly, we obtain a map | • -| from V n p x V np into TL„ (in fact we obtain such 
a map for each p, but we will not bother to distinguish them). The utility of the bilinear form we 
have defined stems from the following relation. 

Lemma 3.2. Ifx,y,z £ then 

\x y\z=(y,z)x. (3.6) 



2 What follows can easily be adapted to the case where one extends sesquilinearly. We have chosen bilinearity for 
simplicity. 

3 We will take this adjoint to be linear as we are considering (■, •) as a bilinear form. If one prefers a sesquilinear 
form, then the adjoint should be taken to be antilinear. Note however, that this conflicts with the defining relations ( 12. 2\ 
unless j8 is real. 
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Proof. Observe first that linearity allows us to assume that x, y and z are in fact (n, p)-\ink states. If 
any of the defects of y are closed by a link in z, then (y,z) = by definition, so the right-hand side 
of (13.61 ) vanishes. As the defects of x join those of y, this will close two defects of x, leading to an 
additional link in |jc y\z- But then, the resulting link state will vanish in V„ p due to its definition 
as a quotient, hence the left-hand side of (13.61 ) likewise vanishes. 

It remains to check the case in which none of the defects of y are closed by a link in z. But then 
it is clear that the left-hand side of (13.61 ) will be proportional to x. The proportionality constant is 
then given by /3 to the power of the number of loops in the concatenation of \x y \ and z. Since x 
contributes no loops, this constant is just (y,z) as required. ■ 



We illustrate this deceptively simple result with an example in V7 3 : Compare 




(3.7) 



We remark that it is tempting (and sometimes useful) to think of |x y\ as the combination xy 1 ", 
where the "adjoint" of the link state y refers likewise to its vertical reflection. Then, one could 
"prove" Lemma 13^21 as follows: 

\x y\z= (xy r ) z = x z) = (y,z)x. (3.8) 

However, caution should be exercised with such manipulations. If x and y belong to V n p > and z 
is an (n,p)-\ink state (with p' ^ p), then (13.61 ) and (13.81 ) do not make sense — the bilinear form 
is no longer defined. Nevertheless, the product \x ylz may be non-zero (in M n ) and not even 
proportional to x. For example, 




(3.9) 



We will therefore refrain from trying to define an adjoint of a link state (what one means is of 
course a linear functional in the dual vector space). 

We can now understand how this bilinear form will help to decide the irreducibility of the V„ jP . 
For this, we consider the radical Ji n>p of the bilinear form on V n>p : 

% t , P = {xe V n . p : (x,y) = for all y G V, hp } . (3.10) 

The invariance (Lemma [3. Il l of the bilinear form implies that the radical 3?„ )P is a submodule of 

V 

* n,p- 
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Proposition 3.3. If (-,-) iJ not identically zero on V n ,p> then V, hp is cyclic and indecomposable. 
Moreover, V np /% ip is then irreducible. Equivalently, Ji np is the unique maximal proper submod- 
ule ofV„ iP . 



(We shall discuss the case when •) is identically zero shortly.) 



Proof. Since (•,•) is not identically zero, there exist y,z € V np such that (y,z) = 1. Then, Equa- 
tion (13.61) says that for every x € V n ,p, we may form |x y \ G TL„ to obtain 



\x y\ z = (y,z)x=x. (3.11) 



Thus, z, generates V n , P , proving that this module is cyclic. Now, any z $ %i, P has such a partner y, 
so every such z is a generator of V n p . It follows that every non-zero element of V n p /Jl n p generates 
this quotient, hence that the quotient is irreducible. 

Suppose then that V n ^ p is decomposable: V,^ p = A ©5. Then, 0?„ )P = (3J„ p nA) © (% hp dB) 
and it follows from the irreducibility of V„ tP /5i n!P that either A or B must be a submodule of 3?„, p . 
Without loss of generality, take B C 0i n>p . Then, there exists a non-zero z £ A which is not in 
Such a z cannot generate V,,^ = A © B, a contradiction. ■ 



We will find it convenient to denote the quotient V n , P /Rn,p by &n,p, even when (•,•) vanishes 
identically. In this latter case, £„, p is the trivial module {0}; otherwise, L„ tP is irreducible. For this 
reason, we shall often refer to the L n iP as the irreducibles, understanding that one should exclude 
the exceptional case &2p,p at /$ = 0. 

To prove that V„ iP is irreducible, it is therefore enough to show that the radical % up is zero. 
Equivalently, we must show that the bilinear form we have defined on V n p is non-degenerate. This 
will be the strategy of Section |4] Note however that % i p ^ {0} only implies that V„ )P is reducible 
when (•, •) 7^ (that is, when %^ p / V„, p ). In case •) =0, we cannot decide the irreducibility 
of V ntP using Proposition [ 



However, when j8 ^ 0, (x,x) = fi p / for all (n,p)-link states x, so the bilinear form is non- 
zero. Indeed, if j3 = but n ^ 2p (so there is at least one defect), then the form is non-zero because 
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we may choose x and y so as to form a "snake": 




i. 



(3.12) 



However, when /3 = and there are no defects (n 
is therefore useful to renormalise it, defining 



2/?), the bilinear form vanishes identically. It 



\*>y) 



lim - 



P 



(x,y G V 2 p !P ), 



(3.13) 



where the forms appearing within the limit are those of the "^2p,p with j8 ^ 0. Since (*,)>) is a 
polynomial in j8 with vanishing constant coefficient, (x,y) is defined — in fact, when x and y are 
(2^),/7)-link states, it is 1 when a single loop is formed and otherwise. Moreover, inherits 
bilinearity, symmetry and invariance from (•,•)■ Note that this renormalised bilinear form is not 
identically zero because x and y may be chosen so as to obtain 



lim 4 



lim I 



(3.14) 



We cannot immediately apply Proposition l3.3l to the radical of this renormalised form because 
the proof relied crucially upon Lemma 13^21 special to the form (•,•)• However, we have the follow- 
ing replacement: 

Lemma 3.4. Let x and y be (2p,p— \ )-link states, so that they have precisely two defects. Denote 
by x 1 and y' the respective (2p,p)-link states formed by closing these defects. Then for [5=0, 



\x y\z= (y ,z)'x , for all z e V2p, p . 



(3.15) 



This extends linearly to all x,y £ "^2p,p-\- 
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Proof. Note first that the defects of y must be closed by a link in z (assuming by linearity that the 
latter is a (2p,p)-\ir\k state). Thus, |x y\z will be proportional to the link state x' obtained by 
closing the defects of x. The constant of proportionality is given by j8 to the power of the number 
of loops formed by y and z. This is (since j8 = 0) unless there are no such loops, in which case 
it is 1. However, this matches the value of (y' ,z) , as closing the defects of y leads to an additional 
loop which is dealt with by dividing by j8 in (13.131) . ■ 

If Jl 2p p denotes the radical of the renormalised j8 = form (-, •)', we can now mimic the proof 
of Proposition 13 .3 1 to obtain the analogous result. 

Proposition 3.5. The form •) is identically zero if and only if [} = and n = 2p. Then, Vip,p is 
cyclic, indecomposable and has an irreducible quotient "^2p,p/^' 2p p - 

It remains only to remark that this quotient is never zero because we have shown that R' 2 / ^2p,p 
(the form (-,•)' is never identically zero). 

We conclude this section with a study of whether the V„ tP , and their irreducible quotients £ n p = 
^n,p/%i,p are all mutually distinct as TL„ -modules (up to isomorphism of course). The fact that 
V njP and V np i involve different numbers of links, for p ^ p', can be misleading. For example, V2,i 
and V 2 ,o are isomorphic one-dimensional TI_2-modules, when j3 = (1 and u\ are represented by 
1 and 0, respectively, on both). Nevertheless, this behaviour is rather exceptional. 

Proposition 3.6. Let N and be submodules ofV n p and V np >, respectively, where p > p' and 
("' ')n p ^ 0" Then, the only module homomorphism 6 : V„ iP /3sf — > V niP * /3NT 7 is the zero homomor- 
phism. 

Proof. Let 7 be the canonical homomorphism from V„ tP onto V w / ,/X Choose y,z G V n>p such that 
(y,z) = 1. Then, for all x S V„ ;P , 

|x y\d{y{z)) = d{y{\x y\z)) = 9 (y(*)). (3.16) 

But when p > p', |x y\d {j(z)) = 0, since 6 (y(z)) has p' links but left-multiplying by |x y\ 
leads to at least p links. Thus, 6 (j(x)) = 0, so 6 = as 7 is surjective. ■ 

Putting INT = N' = {0} or N = D? B)P and "N' = Jl„ p < in Proposition 13.61 and using the basic fact that 
an isomorphism has an inverse, we obtain: 

Corollary 3.7. When (■>■)„ an d \i'/ np t are non-zero, 

^n,p=^n, P ' => P = p' and L^p^L n pi => p = p' . 

As we have seen, (•, -) 2p p vanishes identically when j8 = 0, so it follows that "$2p,p (.&2p,p) could 
coincide with one of the other V 2p p / (^2p,p l ) m this case - This is what allows the (j8 = 0) isomor- 
phism V2.1 = V2.0 which we remarked upon above. 
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We record a related result for future reference: 
Proposition 3.8. Every module homomorphism 6 : V„ iP — > V n p is a multiple of the identity. 

Proof. When (v) / 0, this follows readily by choosing y,z G V„ iP such that (y,z) = 1. Then, 
for all x G V„ iP , 

G(x) = e(\x y\z) = \x y\d(z) = (y,d(z))x. (3.17) 
For the remaining case, when (v)„ = 0, we must have n = 2p and /3 = 0. However, the renor- 
malised form of Equation (13.131) does not vanish identically, so there exist y',z G ^2p,p such 
that (y,z) = 1. For every x' G V2p,p, let x G V2 P)P -i be obtained by cutting an outermost link of 
x' (say the one closing at n = 2p for defmiteness). Form y G V2 PlP -i from y' in the same fashion. 
Then, Lemma l3~4l gives 

d(x') = d(\x y\z) = \x y\d(z) = (y',e(z))'x', (3.18) 
completing the proof. ■ 
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4 Gram Matrices 



We can now turn to a study of the irreducibility of the V„ tP , based on the non-degeneracy of the 

. Recall that each V n p has a canonical basis given by the (n,p)-\mk 



invariant bilinear forms 



n,p 



states. With respect to this basis, the corresponding form is represented by a symmetric d„ :P x d n iP 
matrix which we shall denote by G n , p . Such matrices are called Gram matrices. For example, 



^4,0 = (l), G 4} i 



when we adopt the (respective) ordered bases 




and 



<J4,2 



P 2 
P 



P 

P 2 



(4.1) 









f 


) 


) , 






f 

) 


j 




1' 1 








> and < 


















) 




As the radical 3?„ )P is represented by the kernel of the Gram matrix G n , p , we see that the irreducibil- 
ity of the V„ )P is equivalent to det(G„ )P ) / 0. 4 Our aim in this section is to compute det(G„ )P ) 
explicitly. The strategy is to use restriction to derive a recursion relation for det (G„ tP ) when the 
Jl„^ p all vanish. This turns out to occur for generic /3 G C, excluding only a countable set. Conti- 
nuity therefore takes care of the outstanding cases. 

Proposition 4.1. Consider the inclusion of TL„_i in TL„ (for fixed f3) given by sending the unit to 
the unit and the U{ with i < n — 1 to their counterparts in TL„. Denote the corresponding restriction 
ofV„ tP to a ~TL n -\-module by V n , p \. ■ Then, we have an exact sequence ofTL n -\-modules, 



o — »• v n . hp — > V n , p i — »• V„_i jP _! — »• 0, 
meaning that V„_i ;P is a submodule ofV„ tP X and V n ,pl /^n-i,p — Vn-\,p-\- 



(4.2) 



Proof. The inclusion V n -\,p "—^ ^n,pi is defined to extend an (n — l,^)-link state to an (n,p)-link 
state by adding a defect at position n. This is clearly an injective homomorphism of TL„_i -modules 
as the inclusion of TL„_i in TL n will preserve the defect at n. The quotient V n , p l /V n -i,p is then 
a TL„_i -module with a basis of cosets which are represented by the («,/?) -link states in which n is 
part of a link. 

There is an obvious vector space isomorphism *F from V„ :P ]. /V n -i ,p to V n -i :P -\ obtained by 
cutting the link which closes at n and then removing the newly-created defect at n. We wish to 
show that *P is in fact an isomorphism of TL„_i -modules, thereby completing the proof. So for 
a given basis element z of V n , p l /V n -\ ;P , let m denote the opening point of the link which closes 
at n. Applying any ui (i < n — 1) to z usually then gives another such basis element in which n is 



4 We shall defer addressing the exceptional case of V2 PjP with /3 = until the end of the section. 
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linked to some m' . It is easy to see that *P («,-z) = uff (z) in this case. The only exception occurs if 
i = m — 1 and m — 1 is a defect in z. Then, applying u m -\ to z leads to n becoming a defect: 







) c 


= ) 







In this case, (u m -iz) = *P(0) = 0. But, *F(z) will have defects at both m — 1 and m, so ap- 
plying w m _i will close the defect leading to an extra link. Thus, u m ^\ y: V{z) = too and *P is a 
homomorphism. ■ 

Corollary 4.2. When q 2 ( n ~ 2 P +l ) ^ 1 (recall that we write j8 = q + q~ l ), the exact sequence (14.21 ) 
splits, so we have 

Vn, P l = Vn-i, P ffi Vn-i,p-i (asTL n -i-modules). (4.4) 



Proof. This is easy to see by using the eigenvalues of the central element on TL„_i (see Ap- 
pendix [A]). Since is central, left-multiplication by — XI is a homomorphism from any 
module IN" to itself, for any A € C. Thus, the (generalised) eigenspaces of F„_i on N are sub- 
modules. Applying this to N = V„ iP 4- an d recalling that V n _i )P and V n _i iP _i are indecomposable, 
we see that F n -\ has at most two eigenvalues: f n -i jP with eigenspace V n -i,p an d fn-i.p-i with 
eigenspace (isomorphic to) V n -\ lP -\. If these eigenvalues are distinct, both eigenspaces are sub- 
modules and (14.21 ) splits. It remains to determine when f n -i, P = / n -i,p-i- But, Proposition IA.2I 
gives 

f n -l,p-l-f„-l,p = {q-q- 1 ) (q'^'-q-^ 2 ^) . (4.5) 
If either factor is zero, then q 2 ( n ~ 2 P +l ) will be 1, contradicting the hypothesis. ■ 



We introduce a useful definition: Say that the pair (n,p) is critical for a given q 6 C x if 
^2(«-2p+i) _ j Similarly, any quantity indexed by n and p will be said to be critical if (n,p) 
is critical. A rephrasing of Corollary 14.2 l is therefore that a non-critical restricted module V n ^\. 
always splits as V„_i jP © Vn-i, P -i- 

Suppose now that V, up \, is non-critical so that there exists a splitting y : V,^ p \, — > p © 
Vn-i.p-i- Then, if we order the canonical basis of link states of V n%p so that those of (which 
have n as a defect) come first, \j/ may be chosen so that it is represented by a matrix of the form 

Here, the submatrix V„ iP encodes the non-trivial part of the splitting (the embedding of V„_i ;/3 _i in 
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At this point, we make an inductive assumption: We suppose that when q is not a root of unity 
(so (14.21 ) always splits), the 01^^ vanish for all n' <n and all p' — this is certainly true for n' ^ 2. 
With this assumption, the V n ',p' are all irreducible and mutually distinct by Proposition 13.31 and 
Corollary H7] 

Lemma 4.3. If the splitting y exists, we may define a bilinear form on V„_i jP ©V„_ 1 p _i by 

((x + x',y + y'} = (y 1 (x + x') (y + y')) np , forx,y £ V„_i iP andx',y' G V n - 1>p -i. 

(4.7) 

This form is symmetric and invariant, hence 

((x + x',y + y'} = (x,y) n _ hp + a n , p (x' iy ') n _ lp _ v (4.8) 

for some 0C, hp € C. 



Proof. This is a well-known argument: A bilinear form induces a map from a module V to its dual 
by v i— y (v, •). The invariance of the form translates into this induced map being an intertwiner. 
When V is irreducible, so is its dual, so Schur's lemma tells us that the induced maps form a one- 
dimensional vector space, hence so too do the invariant bilinear forms. In the application at hand, 
V is the direct sum of two non-isomorphic irreducible modules, so there is a two-dimensional space 
of bilinear forms. Comparing the form on V n -i,p with that on the direct sum fixes one of the latter's 
degrees of freedom to be unity. ■ 



In matrix form, this becomes 

- g -=^(V a „X,,->"- (49) 

This is the recurrence relation which we shall use to compute det(G, i p ). For this, it is useful to 
introduce the familiar notation [m] q for the ^-number 

ffl — }}i 

H = ^r. (4-10) 

with the limiting case for q = ±1 being [m] q = mq m ~ l . Note that (n,p) is critical if and only if 
[n-2p + l] =0orq = ±\. 

Proposition 4.4. When [n — 2p+l] q ^0 and p>0, a n<p is finite and is given by 

[rc~ 2 P + 2 ] g 

a n , p = - — f . (4.11) 

[72-2/7+ 11 



Proof. We will prove this first under the assumption that q is not a root of unity. The general case 
then follows from continuity. 
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We begin by writing the Gram matrix in block form. We again choose to order the canonical 
basis of link states so that those with n a defect come first. Thus, 



G n , 



^n,p ^n.p 
r 2,\ r 2,2 j j 



(4.12) 



where G n \ p is in fact just G n _i )P (removing the defect at n has no effect on the values taken by 
the bilinear form). Substituting Equations (I4.61 l and (14.121 ) into Equation (14.91 ) now gives two 
independent (non-trivial) constraints: 



and 



n,p — G n — l t pV nt p 

2,2 /i, \T 
n,p 



(Vn,pY Gn-l,pV n ,p + &n,pG n -\ )P -\ 



(4.13a) 
(4.13b) 
(4.13c) 



where the last equality uses (14. 13ab . 



Just as we chose the basis of V n , p so that the link states with n a defect came first, we now refine 
it so that when n is a defect, the link states with n — 1 a defect come before those with n — 1 part 
of a link. Similarly, when n is part of a link, put those link states with n — 1 linked to n before the 
rest. Pictorially, the order is: 



12 2 2 

This results in G„] p , G n \ p and V n p having the (refined) block forms 



G 



1,2 
n,p 



* 

G n -2, P -\ * 



G 



2,2 _ ( PG n -2,p-l 



and V n , P = fefi 

\Vn,p * 



(4.14) 



1 2 

To explain, the top-left block of G n \ p corresponds to the scalar product of link states of types 1 and 3 

1 2 

(in the above order), which clearly gives zero. Similarly, the bottom-left block of G n \ p corresponds 
to the scalar product of link states of types 2 and 3, and it is easy to see that the value will not 
change if we remove n—l and n from both (cutting one link in each). Finally, the top-left block of 



G„l P represents the scalar product of two type 3 link states, hence the factor of /3. 



We substitute the block forms (14.141 ) and (14.121 ) (with n ->■ n— 1) into Equation (14.13al) . The first 
column then yields two equations: 



and 



= G n ^,pV^ + G 1 l lp V^ 
G„- 2 ,p-\ = G 2 n \ p V^p +G 2 n 2 lp V^p. 



Using Equation (14. 1 3ab (again with «—)•« — 1) on (14. 15ab gives 



vli+v n - h pV n y=o, 



2.1 



(4.15a) 
(4.15b) 

(4.16) 
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since G„_2, p is invertible by assumption (R n -2,p = {0})- To simplify Equation (14.15bl) . we note 
that G 2 n \ is the transpose of G l n 2 { and apply (14. 1 2b . (14. 13bb (both with n — > n— 1) and then 
(14.161 ) to get 

1 



^ 1 = Tr^ id - (4-17) 



Here we have used the invertibility of G„-2, p -i- 

Finally, we look at the top-left block of Equation (14. 13cb . Substituting the block forms (14. 14b . 
applying (14.171) and the invertibility of G„_2,p-i once more, we arrive at a recursion relation for the 

(%n,p- 

Ct n ,p=P — ■ (4.18) 

This simple relation allows us to reduce the computation of any a, hp to that with n smaller. In 
particular, if n = 2p, we have G„ iP = /3G„_i iP _i, since V„_i :P is not defined and (n—l,p— l)-link 
states are lifted to V njP by adding a link. This gives the starting point for the recursion, CC2 PtP = j8. 
It is easy to check that Equation (14.111) is the unique solution. ■ 



Since det (JJ n ,p) = U Equation ( 14.91 ) now yields an explicit recursion relation for the determinants 
of the Gram matrices: 

det(G,, p ) = cfe 1 *- 1 det(G n _i !P )det(G„_ liP _i) . (4.19a) 

Here, <i„_i p _i is the dimension of V„_i iP _i as given in Equation ( I2.9I ). The starting points for this 
recursion are the results 

det(G„, ) = l and det (G 2p -i, p ) = 1. (4.19b) 

The first follows because V„ o is spanned by a single link state consisting entirely of defects. The 
second follows from putting G2 P , P = pG2 P -i, p -i into d4.19a| ). 

It is clear from Equations (14.111 ) and (14.191 ) that the determinant of G„, p can only vanish when q 
is a root of unity. This gives the following fundamental result: 

Proposition 4.5. When q is not a root of unity, the determinant of the Gram matrices of the V„ iP 
are all non-zero, hence the V„ tP are irreducible TL n -modules. 

Corollary 4.6. When q is not a root of unity, TL„ is a semisimple algebra and the V n , p , ^ p ^ 
\nj1\, form a complete set of non-isomorphic irreducible modules. 



Proof. The V n p are irreducible by Proposition 14.51 distinct by Corollary 13.71 and form a complete 
set (meaning that there are no other non-isomorphic irreducibles) because the sum of the squares of 
their dimensions gives that of TL„ (Equation ( 12.1 11 1). The result now follows from Proposition IB .21 
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We remark that the irreducibility of the V„ :P for all p is not sufficient to conclude that TL„ is 
semisimple. A counterexample is Tl_2 with j8 = for which the left regular representation is re- 
ducible but indecomposable, despite both V21 and "\?2,o being irreducible (they both have dimension 
1). The issue here is that, as we saw in Section |3l these two standard modules are in fact isomor- 
phic. The sum of the squares of the dimensions of the distinct irreducibles is thus 1 < dimTI_2 = 2, 
so we cannot deduce semisimplicity. For this, it is sufficient to have both the irreducibility and the 
inequivalence of the V n>p . 

Let us return now to the recursion relation (14.191 for the det (G„ iP ). Its solution gives us the main 
result of this section. 

Theorem 4.7. For all n,p and all /3 = q + q~ l G C, the Gram matrix ofV, hp has determinant 

det (G n>p ) = J! ( ^ ^ ] • (4-20) 



Proof. As in the proof of Proposition |4T4] we may first assume that q is not a root of unity so that the 
recursion (14.191 ) is well-defined for all n and p (q general then follows from continuity). Checking 
Equation (|4.19b| ) is easy, and d4.19a| ) follows from considering the numerators and denominators 
separately and applying Equation (12.81 ) several times. ■ 



Note that Equation (14.201 ) is manifestly invariant under q «->■ q^ 1 because ^-numbers are unchanged 
under this transformation. We remark that it is not entirely obvious from this formula that det (G„ iP ) 
is actually finite for all q / 0, though this is clear from the definition (it is polynomial in j3). Here 
is the most useful consequence of the determinant formula (14.201) : 

Corollary 4.8. If (n,p) is critical, then Jl n p = {0}, so V np is irreducible. 

Proof. Recall that (n,p) critical means that g 2 ("~ 2 P +1 ) = 1. We let I be the smallest positive integer 
for which q 2i = 1, so that n — 2p + 1 = mt for some positive integer m, and 

det(G, p ) = n( L 17 p i J • (4-21) 

The numerator only vanishes when j = m'£ for some positive integer m' (this also requires £ > 1), 
but then the denominator vanishes likewise. Now note that 

-Iqml. -me 

= —T q( _ q -e = , (4-22) 

so the zero of [m£] is always first order (because q = dbl, so [m\ qf ^ for m ^ 0). Thus, the zeroes 
in the numerator of (14.211 ) precisely cancel those in the denominator, hence det (G„ iP ) 7^ 0. ■ 



This corollary implies the semisimplicity of TL„ when j8 = ±2 (q = ±1) because all (n,p) are then 
critical. We similarly obtain the semisimplicity of the TL„ with n odd at j8 = (q = ±i). Indeed, 
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t = 2 divides n — 2p + 1 in this case, so the (n,p) with n odd are all critical. The inequivalence 
of the V njP follows from Corollary 13.7 1 as n odd means, in particular, that n^2p for any p. Even 
though the (n,p) are not critical when j8 = and n is even, the tools developed up to now allow for 
the proof that ^2 P , P , which then coincides with ^-2 P , P , is irreducible. 

Proposition 4.9. When j3 = 0, the radical 3^2p,p w irreducible. 

Proof. Since $-2p,p = ^2p,p when j8 = 0, we must show that "X 2 = {0} (Proposition 13.5b . Let 
denote the Gram matrix of the renormalised form (•,•)' defined in Equation (13 - 1 3b - As noted 
before Proposition g3] G 2p , p = PG 2p -i, p -\ and G' 2pp = lim J g^ G 2 p,p/j8 = G 2p -i, p -i\p =0 . For 
j8 = 0, the values of q are ±i and [m] q is when m is even and ±1 when it is odd. Therefore, 

p-i A, - + 21 \ dl "- [ -"- [ -j 

det ( G W) = det(G 2p -i,„-i)| /3=l 



=o 




(4.23) 

Each factor of this product with j odd is a power of dbl. When j is even, we use [2m] q = [2] \rn] q 2 
to see that the factor's numerator and denominator are both polynomials in j3 with a simple root at 
j8 = 0. Their quotient is therefore non-zero at j8 = 0. It follows that det(G' 2p ) / 0, whence the 
result. ■ 
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5 Explorations at Roots of Unity 

The results of Section |4] not only tell us when the radical "R n p is trivial, but they also tell us its 
dimension when it is not. Recall that Equation ( 12.81 ) amounts to a simple recursion relation for the 
dimensions of the standard modules: 

dimVnj, = dimV„_i ! p + dim'V„_i ) p_i. (5.1) 

The analogue for the R n>p is given as follows. Let q be a root of unity and let £ be the minimal 
positive integer satisfying q 21 ' = 1. For given (n,p) then, set 

n-2p + l=k(n,p)£ + r(n,p), (5.2) 

where k(n,p) G N and r(n,p) e {!,...,£— 1,1}. The criticality of {n,p) is therefore equivalent to 
r (n,p) = £ when q is a root of unity. 

Proposition 5.1. The dimensions of the radicals 3i n p satisfy the recursion relation 

'0 ifr{n,p)=£, 
dimJlnp = < dimft„_i. p + dim'V n _i J ,_i if r (n,p) = £ - 1, (5.3) 
dim % r - i iP + dim CR n _ i iP _ i otherwise, 

with initial conditions dim = and dim J?2/>-i,p = 0. 

Proof. The initial conditions are clear as G Mj o = (l) for all n and V2 p -i. p is not defined for all 
p. The recurrence when r(n,p) = £, which is when (n,p) is critical, also follows directly from 
Corollary EM We may therefore assume that r(n,p) ^ £. Then, ^ 2 ("- 2 /'+ 1 ) = q M",p) ^ j by 
minimality of £, so Corollary I4.2l applies. We can therefore make a change of bases to bring G„ )P 
to the block diagonal form of Equation (14.91 : 



g .,=< g V"' «„X,„->- (5 - 4) 

We want the dimension of the kernel of G, hp . But, as U n:P is invertible, 

G n , p v = <=> ( ) = 0, where ( ^ = t^v. (5.5) 

Thus when a n ^ p ^ 0, ker(G„, p ) = ker(G„_i iP ) © ker(G M _i iP _i) as vector spaces, whereas when 
&n,p = 0> ker(G„, p ) = ker(G„_i )P ) © "^ n -\,p-\ as vector spaces. The result now follows from Propo- 
sition [ 



Corollary 5.2. The dimensions of the irreducible quotients £„, p = V n p /'3l lhp satisfy the recursion 
relation 

'dimV„ iP ifr(n,p)=£, 
dim£„_i iP if r (n,p)=£— 1, (5.6) 

dim £„_ i p + dim £„_ i iP _ i otherwise, 
with initial conditions dim£„ o = 1 and dim£2p-i,p = 0. 



dim£, 1;P = < 
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(1,0) 






(2,1) | (2,0) | 






(3,1) (3,0) 






(4,2) | (4,1) | 


(4,0) 




(5,2) (5,1) 




(5,0) 


(6,3) | (6,2) | 


(6,1) 


1 (6,0) | 


(7,3) (7,2) 




(7,1) (7,0) 


(8,4) | (8,3) | 


(8,2) 


1 (8,1) 1 (8,0) 



Figure 1. An example of the arrangement of pairs called a Bratteli diagram. The 
critical lines in this picture correspond to j8 = 0, hence I = 2. 



We can use Proposition 15.11 and Corollary 15.21 to build up tables of dimensions of radicals and 
irreducibles. It proves convenient to arrange these tables so that n increases as we go down and p 
increases in a south-westerly direction (staying constant to the south-east). The important quan- 
tity n — 2p + 1 is therefore constant along vertical lines and increasing from left to right. This 
corresponds to the standard arrangement of the Bratteli diagram of the family of Temperley-Lieb 
algebras. To illustrate this, we present the first few rows of this diagram in Figured] It is useful to 
mark the critical (n,p) — these form vertical lines on the diagram which we will refer to as critical 
lines. The regions bounded by consecutive critical lines will be referred to as critical strips. 

When we replace the pairs in the Bratteli diagram by some quantity indexed by n and p, we 
shall also refer to the result as a Bratteli diagram. In Figure 12 we show the first few rows of 
the Bratteli diagrams obtained by replacing (n,p) by dim0i n p and dimL n p when j8 = ±\/2 (q = 
±e i7C / 4 ,±e 3m / 4 ). The features of these tables are similar for other roots of unity. Notice that the 
radicals vanish on the critical lines in accordance with Corollary 14.81 

The feature which is of most interest to us here is that the dimensions of the non-critical %, p 
appear to coincide with those of the L np >, where p' is obtained from p by reflecting about the 
critical line immediately to the right. This suggests that when the radical % hp does not vanish, it 
is in fact irreducible. Establishing this irreducibility is somewhat difficult and will be the focus 
of Section |7J For now, we content ourselves with demonstrating this observed coincidence of 
dimensions. 

Proposition 5.3. Let q be a root of unity and (n,p) be non-critical. Then, dim5l np is equal to 
dimL n ,p+r(n ,p)-l if p + r (n, p) — £ ^ and otherwise. 

We remark that the indices (n,p) of 01 and (n,p-\- r (n, p) —£) of £ form a symmetric pair, a concept 
introduced in Section [7] 
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dim^p dim£„ iP 

Figure 2. The Bratteli diagrams for the dimensions of the radicals D?„ iP and the 
irreducibles £ n p when j8 = ±\/2, hence ^ = 4. 



Proo/ This is clear for « = 1 as then, £ > 2 and the index /? + r(n,p) — £ = 2 — £ is negative, so 
that dim% 7p = as needed. So assume that the proposition is true for n — 1 and all p. We have to 
consider four cases for the pairs (n,p), corresponding to whether (n— l,p) and/or [n— l,p— 1) lie 
on critical lines. The position of the pairs (n — l,p), (n,p) and (n — \,p — 1), relative to the critical 
lines, is pictured below in each case. 

(n-l,p) {n-l,p-\) (n-l,p) (ra-l,p-l) 

| ... (n,p) ... | ... (n,p) | 

(n+l,p+\) (n+l,p) (n+Lp+l) (n+l,p) 

... | ... ... | 

Case (1) Case (2) 



(n-l,p) (n-l,p-l) (n-l,p) {n-l,p-\) 

| (n,p) ... ... | (n,p) | 

(n+l,p+l) ('i+l, P) (n+l.p+1) (n+l.p) 

| ... ... ... | ... | 

Case (3) Case (4) 

1) Both {n — l,p) and (n— l,p— 1) are non-critical, so r(n,p) £ {l,£— !,£}■ Then, 

dim3?„_i ;P = dim£ n _! ^ +r ( n -\,p)-i = dim£„_ lj/ ,_ 1+r („ / ,)_ ) 7 (5.7a) 
and dim^„_i, p _i = dimZ^p^,.^^^ = ^^ n -\,p+r{n, P )-t- ( 5 - 7b ) 
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Proposition 15. 1 1 now gives dim 3^ as the sum of the left-hand sides. To compute the sum 
of the right-hand sides, we note that r(n,p + r(n,p) — £) = —r(n,p) (mod £), hence Corol- 
lary |5i2]gives dim£> nt p+r(n,p)-e f° r tms sum. 

2) Only (n — l,p — 1) is critical. Then, r(n,p) = I — 1 and (I5.7ab is valid, but instead of (15.7bl ). 
we have 

dim V„_i ;P _i = dim£„_i,p_i = dimL n _ lp+r ( np y f . (5.7c) 
Now apply Proposition 15.11 and Corollary l5.2l to the sum of (I5.7ab and (I5.7cb . 

3) Only (n— l,p) is critical. Now, r(n,p) = 1, (15.7bl ) is valid, and we use 

dimft n _i, p = 0. (5.7d) 

Adding (I5.7bl ) and (I5.7db then gives the result. 

4) Both (n — l,p) and (n— l,p— 1) are critical. Thus, r(n,p) = l=£—l, that is, ^ = 2 (and so 
j6 = 0). The result now follows from adding (I5.7cl i and (I5.7dl i. 



We remark that there is one (non-trivial) case in which we already know that the radical is irre- 
ducible. This is the content of Proposition 14. 9 1 which asserts that 3^2p,p is irreducible when jS = 0. 
Of course, this does not tell us that %-2p,p is isomorphic to £2p,p-i (since I = 2 when j8 = 0) as 
Proposition 15 . 3 1 would have us believe. 
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6 Induced Modules 

Recall that in Proposition 14.11 we studied the result of restricting the action on a TL„-module to 
the action of the subalgebra TL„_i spanned by the ^-diagrams in which the two n-th points are 
joined. Restriction has a close relative which constructs instead a TL„+i -module from a given 
TL„-module (subject to the analogous inclusion of TL„ in TL„ + i). This is, of course, the induced 
module construction. We therefore consider the induced modules 

V n>p t =TL„ + i® TLn V„ )P . (6.1) 

These are TL„ + i -modules in which the action is given by left-multiplication: a{b®z) = {ab) ®z 
for all a,b £ TL„ + j and z £ Vn,p- The subtlety of this definition lies in the subscript on the "(g)" 
which informs us that the tensor product is "permeable" to elements of TL„. More precisely, this 
means that ab (g> z = a (g> bz for all a £ TL„ +1 , b £ TL„ and z £ V np (the elements of TL„ are scalars 
as far as the tensor product is concerned). Indeed, V„ iP t may alternatively be characterised as the 
quotient of the C-tensor product TL„ + i ®c^n,p (with the TL„ + i-action a{a' ®cz) = {ad) ®cz 
as before) by the submodule generated by the elements of the form {ab <g>c z — a <£>c bz). This 
characterisation will shortly prove useful. 

By Proposition 12.21 any monomial in the TL„ + i -generators w, can be written in reverse Jones' 
normal form. In this form, the generator u n appears at most once to the far left and may only be 
preceded by a string of the form u r u r+ \ ■ ■ ■ m„_i. We conclude that TL„ + i is spanned by monomials 
of the forms u r ■ ■ ■ u n -\u n U and U', where U and U' are monomials in the TL„-subalgebra. Thus, 
if D denotes a basis of V HjP , then V„ )P t is spanned by the set 

{ l(g)d , u n ®d , u n -\u n ®d , u\ ■ ■ ■ u n -\u n ®d : d £ D} . (6.2) 

Note that this spanning set is not usually a basis of V n . p t . For example, if d can be written as 
u n -\d' for some d' £ V„ )P , then 

u n -\u n ®d = u n -\u n ®u n -\d' = u n -\u n u n -\ ®d' = u n -\ ®d' = l®u n -\d' = \®d. (6.3) 

To obtain a basis, we generalise this computation. We will say that a link in a link state d is simple 
if it joins neighboring positions i and /+ 1. We then say that d has a simple link at i. Obviously, 
if d = utd', where d and d! are link states, then d will have a simple link at i. The converse is the 
following: 

Lemma 6.1. If d is an {n,p)-link state with n ^ 3 which has a simple link at i, then d can always 
be expressed as Ujd' with d' another {n,p)-link state. When n = 2, such an expression is valid if 
and only if /3 ^ 0. 
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Proof. We construct d' explicitly to be the {n,p)-\mk state which is identical to d except that the 
simple link joining i and i + 1 is swapped with whatever appears at i — 1 (or i+ 1). Schematically, 



i-l 



i+l 



d' 



i-l 



I+l 



(6.4) 



It is clear that d' satisfies Uid' = d and likewise clear that this construction requires n ^ 3. The only 
remaining possibility then concerns the unique (2, l)-link state d = \> . This satisfies d = fi~ l u\d 
when j3 ^ 0, but when /3 = 0, u\ acts as the zero operator on Va i. 



This lemma allows us to reduce the number of elements in the set ( 16.21 ) while preserving its 
spanning property. But before describing this reduction, we introduce some more vocabulary. The 
(n,p)-link state d will be called r-admissible, 1 ^ r ^ n, if d has no simple link at r or below, 
meaning at any i with i ^ r. It follows that all (n,p)-\mk states are ^-admissible. Moreover, an 
element u r u r+ \ ■■■u n ®d G V„ . p t of (16.21) will be called admissible if d is r-admissible. 

Lemma 6.2. Let n^3 and ^ p ^ /2J • m G TL n+ i &e a word in the generators and d be an 
(n,p)-link state. Then, there exists an integer s, 1 ^ s ^ n + 1, and an element e € V n „ that is either 
or an s-admissible (n,p)-link state, such that u®d = u s u s+ \ ■ ■ ■ u n ® e in V n ,p\ ( if s = n+\, then 
u®d = 1(g) e). 



Proof. We suppose that the word u is written in reverse Jones' normal form. If u does not contain 
u n , then u®d = l®ud and the form suggested is obtained by choosing s = n + 1 and e = ud. 
Suppose now that u is u r u r+ \ ■ ■ ■ u n u' where u' is a word of TL„ and therefore u®d = u r u r+ \ ■■■u n ® 
u'd. If the element u'd is zero in V„ iP , then again u r u r+ \ ■ ■ ■ u n <g) e is of the desired form with e = 0. 
If is r-admissible, take e = u'd. 

The only remaining case is when u'd is not r-admissible. This means that there is a simple link at 
r or below. Let t be the position of the lowest simple link. Clearly r ^ t ^ n — 1 and thus u t E TL n . 
Because n ^ 3, Lemma loTTI ensures the existence of an («,/?)-link state / such that u t f = u'd. Then, 

u r u r+ \ ■■■u n ® u'd = u r ■ ■ ■ Un (g) w f / 

= U r ■ ■ ■ Ut—\Ut Wf + 1 Mf Mf -|-2 ' ' ' U n ® 
= U r - ■■ U t -\U t U t+ 2 ■■■U n ®f 
= U t+ 2 • • • U n (g> W r • • • M f / 

= • • • M„ (8> M r - - - U t -\u'd. (6.5) 
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(The two extreme values of t lead to u r+ 2 ■ ■ ■ u n <8> u'd for t = r and 1 <g> u r ■ ■ ■ u n -2u'd for t = n — 1 .) 
The configurations of u'd and of u r ■ ■ ■ u t -\u'd are shown in the following diagrams: 



If u'd = 

t 



Note that in the lower box of u'd, marked by three dots, all positions are either defects or linked with 
positions in the two top boxes, since the lowest simple link is at t. (The two top boxes may have 
defects, links within and between them and, as just said, links with the bottom box.) The action of 
u r • • • u t -\ is seen to exchange the simple link at t and the middle box. Since, after this exchange, the 
first position in the lower box is t + 2, then the resulting link state is (t + 2)-admissible. Clearly this 
is of the desired form if we set s = t + 2 (and then s ^ n + 1) and e is taken to be u r ■ ■ ■ u t - \ u'd. m 




Let S n / , be the set consisting of all elements 1(g) d for any (n,p)-\mk state d and of elements 
u r u r+ \ ■ ■ ■ u n (8) d for all 1 ^ r ^ n and all r-admissible (n,p)-link states d. Due to the previous 
lemma, S„ p is a spanning set of V„ iP t for « ^ 3. (One can check that §2,p spans "V^.pt except 
when p = 1 and j3 = 0.) As an example, 



§3,1 = {1< 



«3< 



M 3 < 



U2U3 ( 



!} 



(6.6) 



and |§3 1 1 = 5. Our aim is to show that S„ p is actually a basis of V n ,pt ■ F° r this, we first introduce 
a linear map d ^-d between the vector spaces underlying V„ iP and V n +2,p+\- This is defined on the 
basis of (ra,/?)-link states by adding two points to each basis element and a simple link from n + 1 
to n + 2: 



n+l 



(6.7) 



) 



We now define 

<£: V n . p t -> V n+2 . p+ ii , <t>(u®d) = ud (u G TL n+ i, d G V n , p ). (6.8) 



Our first concern is to check whether <I> is well-defined, that is, whether the images <J>(w(g) d) and 
<E>(v<g)e) are equal when u ® J = v <g> e for w,v G TL, 1+ i and G V„ iP . From the characterisation 
of induced modules as quotients of the C-tensor product, it follows that <I> will be well-defined if 
<fr(uu' ®d) = <fr(u®u'd) for all u G TL„ + i, u' G TL„ and d G V„ p . But, this follows immediately 
from the associativity of the TL„ + i -action on V n+ 2, p +\i : 

<t>(uu ' <S)d) = (uu')d = u(u'd) = u(u'd) = <b(u (g> u'd). (6.9) 
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We remark that the u' in (u'd) should be interpreted as the image of u' G TL„ in TL„ + 2 under the 
inclusion which adds two defects at the bottom. 

The associativity of the TL n+ i -action also makes <1> a homomorphism of TL n+ i -modules (here 
is where the restriction is necessary): 

u'<$>(u®d) = u'(ud) = (uu)d = Q(u'u®d) for all u,u G TL n+ i, d G V n ,p- (6.10) 

To prove that it is actually an isomorphism does not require much more effort. 

Proposition 6.3. 

(i) For all n ^ 1, ^ p ^ \n/2\ and j3 G C, the set § ntP is a basis ofV^p'l , except for "V^it at 
j8 = which has instead { 1 (8> |) , ui (8) p ,miM2<X'[) } as a basis. 

(ii) When (n,p) / (2, 1) or j6 / 0, TL„ + i -modules V„ )P t an< ^ ^«+2,p+i4 a^e isomorphic. 

Proof. The basis for V2.1t i s obtained by direct computation. For the general case, we show that 
the homomorphism <I> is both surjective and injective. The two statements (i) and (ii) are clear 
consequences. 

Since the (n + 2,p + l)-link states define a basis of V n+ 2, p +ii , the surjectivity of <1> will follow 
if every (n + 2,p + l)-link state has a preimage in S„ iP . Suppose that e is such a link state and note 
that e has at least one simple link. To construct u®d G S„, p such that <!>(« (g) d) = e, let r be the 
position of the lowest simple link in e. Denote by d the (n,p)-\ink state obtained from e by deleting 
this lowest simple link. Since there are no simple links of e below r, the link d is r-admissible and 
therefore u r u r+ \ ■ ■ ■ u„ d 11 d < S„ iP . (Note that if r = n + 1, then u r u r+ \ ■•■u n is understood to 
be 1.) It is now easy to verify that <fr(u r u r+ \ ■■■u n ®d) = e: 



If e= r ) , 



r+2 
n+2 



then d = 



and <t>(u r ii r+ i • • • u n ®d) = u r u r+ \ • • • u n d = r 



n+2. 



r+2 
n+2 



e. 



(6.11) 



Therefore, every (n + 2,p + l)-link state has a preimage in S„ :P and <I> is surjective. 

The map <I> sends every element of $ HiP to an (n + 2, p + 1 )-link state. Since the latter are linearly 
independent, the injectivity of <I> will be established if distinct elements of S„ p have distinct images. 
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Suppose then that w\ = u r u r+ \ ■■■u n ®d and W2 = u s u s+ \ ■•■u n ®d' are elements of S„ )P with the 
same image. The link state d, being r-admissible, can be represented as above by two blocks, that 
marked by two dots being devoid of simple links. The image <J>(wi) is then represented by the 
above diagram for e whose lowest simple link is at r. Similarly, the lowest simple link of <£(>V2) 
must be at s. If <I>(wi) = <t>(\V2), then r and s must be equal. But then, the two link states <I>(wi) 
and <I>(w2) will coincide if and only if the upper boxes (marked by one dot) of d and d' coincide 
and similarly for their lower boxes (marked by two dots). This forces the original d and e to be 
equal and thus w\ = W2- ■ 



For completeness, we mention that as V24 = V2,o when j3 = 0, it follows that V2.1t — V3 1 © V3 0. 
However, Proposition 14. 1 1 gives V4 24 = 1. 

Because restricting a module does not change its dimension, the dimension of V n . p \ is that of 
V n +2.p+\- We therefore obtain: 

Corollary 6.4. The dimension of the induced module V n) pf is 

A - x. J 3 if(n,p) = (2,1) and p = 0, 

dimV„ jP t = < j , . (6-12) 

I d n+ 2,p+i otherwise. 



Moreover, the structure of induced modules now follows, using the isomorphism <J>, from Proposi- 
tion [4j] and Corollary 14.21 which describe the structure of restricted ones. 

Corollary 6.5. When (n,p) / (2, 1) or j8 7^ 0, the sequence 

— ► V n +i,p+i — > V„ )P t — > V n+ i, p — > (6.13) 

is exact. 

Corollary 6.6. When (n,p) is non-critical, the exact sequence (16.131 ) splits, so we have (for (n,p) 7^ 
(2,1) or fi^O) 

Vn,pt = Vn+i )P +i © Vn+i,p (as Tl n+ i-modules). (6.14) 



Whether or not the exact sequence (I6.13t splits, a submodule isomorphic to V n+ \ p+ \ is easily 
identified in V n . p t ■ m ^n+2.p+\i , such a submodule is spanned by those (n + 2,p + l)-link states 
which have a defect at position n + 2 (see the proof of Proposition 14.1 1 ). Their images under <£ _1 
have the form u r u r+ \ ■■■u n ®d, with r ^ « and <i an (n,p)-\mk state with a defect at n. Then the 
injection V n +i )P +i — >■ V„ )P J , call it a, of the exact sequence (16.131 ) sends (n-\-l,p+ l)-link states 
to elements of S„ iP as follows: If d is an (n + l,p + l)-link state, then a(rf) 
where the lowest simple link in d is at r and d' is the (7i,/?)-link state obtained from d by removing 
this simple link and adding a defect at position n. 

The exact sequences in Equations ( 14.21 ) and ( 16.131 ) can be read off the Bratteli diagram quite 
easily. For restriction, the TL„_i -modules V n _i iP and V n _i iP _i appearing in the exact sequence 
(14.21 ) for V HjP X correspond to the entries immediately above, and to the left and right, respectively, 
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of the entry corresponding to V n ,p- F° r induction, we must instead look immediately below, and 
again to the left and right, to find the entries indicating the constituents of the exact sequence (16- 13b - 
We have learned that these exact sequences split when the module being restricted or induced is 
non-critical. The question of whether the sequences split when the module is critical will not be 
resolved until Section [8] 

We conclude with an example showing that the induced module V n> pj may be different to the 
direct sum V n +i,p+i ®V n +i,p an d even to the quotient M n+ i, / ,/M„ + i, p+ 2. These three TL n+ i- 
modules share the same exact sequence (16- 13b . the latter because Equations (13.21 ) and (13.31) give 

(6.15) 

For our example, we take q = e l7t ^ , so that j3 = 1 and (n,p) = (2,0) is critical. Then, one can 
check that the central element Fj 6 TL3, introduced in Appendix lAl is represented on V^ot an d 

M3 = M3,o/M3,2, with respective (ordered) bases |w2<8)|= ,u\U2®Y 1 1 ® h| an d | \) , I , |||,by 



-1 





3 





-1 














and 0-10. (6.16) 



Thus, this central element can be diagonalised on M3 (and on V3 1 © V3 by Proposition 13.81 ). but 
not on V2 ot ■ 
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7 The Irreducibility of the Radicals 

The present section carries on the exploration, launched in Section [5j of the standard modules 
at roots of unity. The goal here is to prove that the radicals "R n p of the standard modules V n p 
are either trivial (meaning % up = {0}) or irreducible. One can actually be more precise: Let q 
be a root of unity with I the smallest positive integer such that q 2e = 1. We shall say that two 
pairs (n,p') and (n,p) with < \p' — p\ < t form a symmetric pair if (n,p') and (n,p) are non- 
critical and are located symmetrically on either side of the (single) critical line between them. The 
adjective symmetric will also be used when two objects, for example V n>p i and V„ iP , are labelled by 
a symmetric pair (n,p') and (n,p). The relevance of this concept is already apparent from previous 
sections. In particular, Proposition I5.3l equates the dimensions of the symmetric pair (with p' > p) 
%i :P > and £> n ,p- I n this section, we shall prove that the modules D?„ )P / and L H:P of such a symmetric 
pair are isomorphic. We remark that, as noted at the end of Section HI every (n,p) is critical when 
/3 = ±2 or when /3 = with n odd. It follows that there are no symmetric pairs in these cases. 
However, for all other /3 and n, such pairs exist whenever n ^ £. 

A crucial role will be played in this section by the central element F n of TL„ whose detailed 
properties may be found in Appendix |A] The first part of this section shows that, even though F n is 
central, its action is non-diagonalisable on certain indecomposable modules. The second part then 
uses this fact to construct an isomorphism between the symmetric pair "R n „> and L np (with p' > p). 
The inspiration here comes from the theory of staggered modules in logarithmic conformal field 
theory, see GUI for example. Though the irreducibility of the radical is well-known to experts, the 
only proof that we are aware of [17 ] relies upon some rather abstract category-theoretic analysis. 5 
The last part describes completely the space of homomorphisms between standard modules. 

Proposition IA.2I states that F n acts as a multiple of the identity on the standard modules V n ,p- 
The next lemma provides a simple example where this action is non-diagonal. It will turn out to be 
key for what follows. 

Lemma 7.1. Let q be a root of unity other than ± 1 and let (n,p) be critical for this q(son^lp). If 
Z p denotes the (n,p)-link state which has p simple links at I, 3, . . . , 1p — 1, then when F n+ \ (1 ®z p ) 
is expanded in the basis §> n>p of V^y , the coefficient of u\U2---u n ®z p = «2p+i"2p+2 ...u n ®z p 
does not vanish. 

Proof. We first study the case p = 0. Since F n+ \ £ TL„ + i, it can be written as a sum of words in 
reverse Jones' normal form, as in Equation (12.7V For such a word to act non-trivially on 1 <g) zo, 
the rightmost uj must be u n . So only words with a single "flight" will contribute, and 

among these, only will lead to the term u\U2 ■ ■ ■ u„ (g>zo that we are seeking. We therefore 

need to compute the coefficient of u\U2 ■ ■ ■ u n in F n+ \. 



Our proof is based on the existence of a non-zero homomorphism 6 : V„^, — s> V„ y when the two modules form a 
symmetric pair with p' > p. Martin [2] has proved that ker(0) and coker(0) are irreducible. This follows from, but is 
weaker than, Theorem |7.2| below. 
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We first expand the two crossings of the top row of the diagram (IA.2I ) defining F n+ \. The points 
marked by dots in the following diagrams need to be linked if they are to lead to the word U\ U2 " " " U n . 



+ 



,-1 



"V 



(7.1) 



The last term will not contribute to u \Ui •••u n , so we obtain 



(-2 + /J*-V 



(7.2) 



where the sign "=" indicates that the equality is restricted to the coefficient of U1U2 ■ ■ ■ u n . We now 
expand the second row. Only one term of the crossing on the right may contribute, as the other 
term can be seen to close a link on the right vertical line. But then only one term of the crossing on 
the left contributes to u\U2 ■ • • u„. A similar argument can be repeated for all rows but the last one 
and the expansion of all crossings but those of the bottom row gives 



(-2 + j 8« 7 - 1 )(-l 



yi-l 



r 



(7.3) 



Note that the top points on the left are now linked; those on the bottom right, marked by dots, still 
remain to be linked. Expanding the last row, we finally get that the coefficient ofu\U2---u n m F n+ \ 
is 

(-l)-i(-2+/J^ 1 )(-2 + j3 9 ) = (-l)»(j3 2 -4). (7.4) 
Therefore, the coefficient of u\ 112 • • • u n <g> zo in F n+ 1 (1 <8> Zo) vanishes only when j8 = ±2 (q = ±1). 

We shall now assume that p ^ 1 and consider elements in V„ p t of the form v = 1 <g) v', where 
V is constrained to be an (n,p)-\mk state with a simple link at 1. In other words, 



v = l( 



] 



(7.5) 



where the box stands for any (n,p— l)-link state. We shall also make the hypothesis that /3 7^ 
which allows us to use the identity 

v = p- l Ul v (7.6) 

(the case j8 = will be deferred until the end of the proof). We now expand the two crossings on 
the top right of F n+ \, extracting these crossings from the diagram representing F n+ \ and using dots 
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to mark the points at which the subdiagrams we have extracted are to be connected: 



F n +lV 



x q 



tx 



x Up 



tv 

XL 



C 



-lo-l 



(where we have used the identity (T7.6t on the first and last terms) 



J. 



v. (7.7) 



We now carry out the expansion of the two crossings on the left: 



F n+ lV 



x -q- 



+ 



+ 



X 



v. (7.8) 



The first, third and last terms cancel and, by (17.61 . the second becomes 



U\V ■ 



F„-i 



(7.9) 



Suppose now that the link state v' in v = 1 <8> v' contains several consecutive simple links at the 
top. Then the above computation can be repeated for each of them with the result that 



F„ + i(l®Zp) 



2p 



(l®z„), inV„„t 



(7.10) 



«*n-2p+l: 



The expansion of the F„_2p+i indicated at the bottom of this diagram will contain a term M2p+i "2/>+2 • • • u„ 
only if n > 2p. In that case, we may use the previous p = computation to conclude that the co- 
efficient of u \ii2 ••• u n ®z p in F n+ \ (1 eg) Zp) is (— l)"(j8 2 — 4) as before. Again this coefficient does 
not vanish under the hypotheses of the lemma. 

The case j8 = 0, corresponding to q = ±/, remains. In the link basis of the modules V n ,p, the 
elements of the matrices representing the generators m, are polynomials in j8 or, equivalently, in q 
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m (u r ■ ■ - u n ®d) = < 



and q . The matrices representing the u\ in the induced modules V n p t inherit this property if the 
basis §„ <p is used. Indeed, the action of Ui on an arbitrary member <S> d of §>n iP is easily 

computed: 

u r ---u n ® Ujd, i <r—\ 

u r -i---u n ®d, i = r-l 

[3u r ---u n <S>d, i = r 

U{ ■ ■ ■ u n (g) u r ■ ■ ■ iij-2d, r + 1 ^ i ^ n. 

The right-hand sides are either elements of § n>p or are equivalent to scalar multiples of such ele- 
ments (using Lemma [631 ). The central element F n , defined diagrammatically by (IA.1I ) and dA.21 ), 
is a hnear combination of words in the generators with weights that are also polynomials in q and 
q~ l . Therefore, the coefficients of F n+ \ (1 (g) z p ) in the basis S„ iP of V np t are polynomials in q and 
q~ 1 . Their actual values for a given j3 can be obtained by evaluation of these polynomials at the 
corresponding value of q. The coefficient of u \U2 ••• u n ®z p in F n+ i (1 Cg) z p ) when j8 = is therefore 
(-l)"(j3 2 -4) =4(-l)" +1 and is non-zero. ■ 



Equation (16.161 ) provides a simple example of this off-diagonal action — there, we considered F3 
acting on the indecomposable module V2,oT at q = e l7t / 3 . 

Proposition 13.61 has shown that the only homomorphism V np i — > V„ iP with p' > p and {-,-)n,p 
and (■,-)n,p l 7^ is the zero homomorphism. The above properties of the central element F n allow us 
to construct a non-zero homomorphism V niP —>V n!P >,p'>p, when the modules form a symmetric 
pair, and thereby reveal the structure of the radical $. n . p . 

Theorem 7.2. The radical % t , p is zero or irreducible and, if the pair V n ^ p and V np ', with p' > p, 
is symmetric, then 1R np i = £ n .p- 



Proof. If q is not a root of unity, these statements have already been proven. Indeed, the V„ jP are 
then irreducible (Proposition H3) and their radicals are trivial. The same is true when q = ±1 and 
when q = ±i with n odd (Corollary I4.81 l. The theorem is therefore non-trivial only if q is a root 
of unity with either I ^ 3 or i = 2 and n even. We will therefore assume these conditions in what 
follows. 

We first construct a non-zero homomoiphism between the two standard modules V n +\ jP and 
V n+ i p+ i, assuming that (n,p) is critical. The symmetric pair therefore consists of (n+ l,p) and 
(n + l,p + 1) and we note that f n+ \^ p and f n +\, P +\ are equal. Let <p : V„ p t - > ^n,pt be the map 
obtained from left-multiplication by F n+ \ —f n+ i iP l E TL, 1+ i. Because this element is central, <p is 
a homomorphism. Moreover, it is non-zero by Lemma 17.11 

Consider now the exact sequence ( 16.131 ) 

— ► V n+hp+l ^ V„ )P t ^ V n+hp — > (7.12) 

(the homomorphism a was constructed explicitly after Corollary I6.61 l. Since q> acts as zero on 
Vn+i,p+i (Lemma fA.2| ), we have im(a) C ker(<p). Similarly, 70 q> = and therefore im(<p) C 
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ker(y) = im(a). Now, for any w G V n+ i yP , we can find v G V„ p t sucn that 7( v ) = w - Note that 
any other v' G V„ p t with y(v') = w satisfies v — v' G ker(y) = im(a) C ker(<p). It follows that 
the map w h- )• <p(v) is independent of the choice of preimage v. This map, in turn, is a TL n+ i- 
homomorphism from V„ + i p into im(a) C V„ iP y since given any w G TL n+ i, we may choose uv as 
a preimage of uw and uw is mapped to cp(uv) = u(p(v). Finally, let i: V, 1+ i, p — > V„ + i p+ i be defined 
by w (->• (a -1 o <p) (v). This is the non-zero TL„ + i -homomorphism that we set out to construct. The 
conclusion is therefore that dimHom-ri_„ +1 (Vn+i,p,Vn+i,p+i) ^ 1, when (n,p) is critical. 

Frobenius reciprocity (Proposition IB .41 allows us to extend this result to arbitrary symmetric 
pairs. Assume again that (n,p) is critical. Then, the pairs V n +j,p an d ^n+j,p+j are symmetric for 
1 ^ j < I, where £ is the smallest positive integer such that q 2t = 1, and any symmetric pair is of 
this form for some j and critical (n,p). Suppose now that j G {2, ■■■,£— 1}. We will justify each 
step of the following computation: 

Hom TL „ + , (V n+ j, p ,V n+ j, P+ j) = Hom T L, I+J (V„ + j>p V n + j, P +\ , j>p+ j) 

= Hom T L„ +; (V„ + y_i, p t ,Vn+j,p+j) 
= HomTU+^i (Vn+j-l,p,Vn+j >P +jl ) 

= Hom T L„ +j _, ( V n + j- 1 , P , Vn+ j- 1 , P + j © V n+ j_ i.p+j-1 ) 

= Hom TL „ +; _ , ( V„+ 7 -_ i iP , V n+ j_ i jP+ ; -_ i ) . (7.13) 

Recall that f HjP takes distinct values between any two adjacent critical lines and that f KiP ^ f n p > 
implies that Hom(V n}P ,V n p >) = {0}. The first and last equalities in (17.131 ) follow from this obser- 
vation and the usual properties of Horn. Since (n,p) is critical and 2 ^ j < £, neither (n + j— \ ,p) 
nor (n + j,p + j) can be critical, so Corollary 16. 6 1 explains the second equality and Corollary 14.21 
the fourth. The third equality is Frobenius reciprocity. We therefore conclude that 

Hom TLn+j (V n+j;P , V n+j)P+j ) = Hom TLn+1 (V n+hp , V n+hp+1 ) ^ {0} . (7.14) 

In other words, there exists a non-zero homomorphism V n>p — > V n p i between an arbitrary symmet- 
ric pair with p' > p. 

We are now ready to prove the statement of the theorem. Let / G Hom(V„. p , V n ,p') be a non-zero 
homomorphism between a symmetric pair with p' > p. Then, ker (/) is a proper subset of V„ iP 
and must therefore be a subset of "R n p by maximality of the radical. If / were surjective, then 
V„ p/ker (/) = V n>p i which would contradict Proposition 13.61 (Here, we must temporarily assume 
that /3 7^ or p' ^ n/2 — see the end of the present paragraph.) Then, im (/) is a subset of 3l n ,p', 
again by maximality. If either of ker (/) or im (/) is a proper subset of the corresponding radical, 
then we would have 

dimker (/) < dimJl np or dimim (/) < dimJ{ n p i (7.15) 

which gives 

dim V n p = dimker (/) + dimim (/) < dim3?„ p + &im'Ji n p >. (7.16) 
But then, the dimension of the irreducible quotient L, hp = V niP /0l n:P would satisfy 

dim L n p = dim V n p — dim "R n p < dim 3?„ p i , (7.17) 
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contradicting Proposition 15.31 This proves that ker(/) = %^ p and im(/) = Ji„ tP i. The first iso- 
morphism theorem now says that L np = V„ )P /ker (/) is isomorphic to im(/) = %. np > if the pair 
(n,p) and (n,p'), p' > p, is symmetric. The case /3 = and 2p' = n was set aside in this argument, 
but is in fact easier because in this case Corollary 14. 9 1 has already established that 3?2p'.// = ^2p',p' 
is irreducible. Since / is non-zero, im(/) = %i p t$ (and dimim(/) = dim3J„y). The rest of the 
proof is identical. 

This argument proves the irreducibility of every % 1}P > for which the image (ft,/?) of («,//) by a 
reflection with respect to the critical line immediately to its right is well-defined (meaning p ^ 0). 
This test fails for some (ft,//) on the right of the second-rightmost critical line. For example, 
Figure[2] drawn for £ = 4, shows that (4, 0) and (8,2) have no reflection with respect to the critical 
line on their right. For all pairs (n,p') without such reflection, Proposition 15.31 shows that the 
radicals attached to them are {0}. ■ 



Frobenius reciprocity was a key ingredient in the previous proof. It allowed us to deduce the 
existence of non-trivial homomorphisms between certain standard modules V n iP from the explicit 
construction of such a homomorphism in the simplest case. This underlines also the usefulness of 
a central element, in the present case F n , that acts non-diagonalisably. A natural question which 
remains is whether these non-trivial homomorphisms are the only ones. We conclude the section 
by settling this in the affirmative. 

Theorem 7.3. The dimension dimHom(V„ iP ,'V, 1/ /) is 1 if p = p' or if the two standard modules 
form a symmetric pair with p' > p. Moreover, there is a single exceptional case: dimHom(V2 5 i, ^o) = 
1 when j8 = 0. Otherwise, dimHomCV„ p , V„ p /) = 0. 

Proof. We first omit, for /3 = and n even, the study of Hom(V2p i p , Vip,p' ) an d Hom( V 2p , p ' , "^2p,p ) • 
This omission makes available all results from Section [3] that call for the bilinear form (-,•) to be 
non-zero. Then the homomorphisms V„ iP — > V np i have been determined by Proposition 13.61 in the 
case p > p', and Proposition 13.81 in the case p = p'. We also know that Hom(V niP ,V n p i) = {0} 
when f n p f np i. The outstanding cases are therefore: 

1) (n,p) and (n,p') are both critical with p' > p and f njP = f n p i. 

2) (n,p) and (n,p') form a symmetric pair with p' > p. 

3) (n,p) and (n,p') are non-critical with p' — p^ I and f njP = f n p i. 

Case (1) is easily dealt with: If two distinct (n,p) and {n,p') are critical, then V n p and V np i 
are irreducible (Corollary 14.8) and it follows from Corollary 13.71 that Hom(V niP ,V np i) = 0. In 
case (2), we know from Theorem 17 .2 1 that Dl„ „/ = L np . Schur's lemma then implies that any two 
homomorphisms from L, Kp to 3J„ p i are equal to one another up to a multiplicative constant. Choose 
two non-zero homomorphisms f,g 6 ~Hom(V n ^ p ,V np i). The argument used to prove Theorem 17.21 
implies that we must necessarily have ker (/) = ker (g) = and im (/) = im (g) = 3i n ,p'- Both / 
and g then define homomorphisms f,g: L n p — > p i and so we learn that f = jig for some ju G C. 
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As 

/(v) = (/ojE)(v)=/i(gojr)(v)=M*(v) foraUveV„, p , (7.18) 

where n is the projection V„ p — > we conclude that / = Hg, hence that dimHom(V„ iP , V„ iP >) = 
1. 

We therefore turn to case (3). Let (n,p") be the reflection of (n,p') in the critical line immedi- 
ately to its right, so that V n p / and V n y/ form a symmetric pair with p' > p" > Let / : V HtP —> V„y 
be a non-zero homomorphism, so ker (/) C "3l np . But, "R np is irreducible and therefore ker (/) is 
either {0} or "Jl„. p . Similarly, im(/) must be either "Jl n . p i or V HiP >. The first isomorphism theorem, 
together with Corollary I3.7I now leads to a contradiction in each of the four possible combinations. 
For example: 

• If ker(/) = {0} and im(/) = V np >, then V HjP = im(/) = V n p > with p ^ p', contradicting 
Corollary E3 

• If ker(/) = {0} and im(/) = 0l n p >, then V n>p = im(/) = 3?„. ; y = £„y. But, V HjP being 
irreducible implies that L n p = £ np » with p / p", again contradicting Corollary |3 .7 1 

The last two cases ker (/) = !R„ tP , im (/) = V n p > and ker (/) = !R„ tP , im (/) = 0l n p > are similar and 
are left to the reader. We conclude that Hom(V ll}P ,V n p >) = {0} in all these cases. 

It only remains to consider the omitted case involving ^2p,p = 3^2p,p at /} = 0. In this case, 
every (2p,p') is non-critical (see Figure [Q and shares the same /^p-eigenvalue: f2 P ,p> = 0. ^2p,p l 
and V 2p)P " therefore form a symmetric pair if and only if \p' — p"\ = 1. Corollary I3.7l can be used 
to conclude that the £2p,p' with ^ p' ^ p — 1 are mutually non-isomorphic. Because &2p,p' — 
3^2p,p'+i> the radicals %2p,p> with 1 ^ p' ^ p are likewise mutually non-isomorphic. Finally, the 
3^2p,p' = ^2p,p'-i ^ non-zero for 1 ^ p' < p, so the only irreducible modules among the ^2p,p' 
are therefore Vip,p (by Proposition 14.91 ) and V2p,o- 

We now look for a non-zero homomorphism /: V2 PlP — > ^2pp' with p' < p. If such a ho- 
momorphism exists, then ker (/) = {0} and im (/) = ^ip, p (because the latter is irreducible). It 
follows that either ^2p,p — $-2p,p> or ^2p,p — ^2p,p' ■ The first possibility is excluded by the previ- 
ous observation that the radicals 3^2p,p'> 1 ^ p' ^ A are mutually distinct as well as recalling that 
3^2p,p = ^2p.p 7^ {0} = 3?2p.o- We are therefore left with the second possibility, that V 2p . p ' is itself 
irreducible, which can only happen when p' = 0. But, dim'Y^o = 1 only coincides with dim ^2p.p 
when p = 1. So we arrive at the exceptional case Hom(V2.i, V^o) — C (the existence of such a 
non-zero homomorphism was already established after Corollary I3.7l i. 

Finally, the pair "$2p,p- 1 and "$2p,p is symmetric and the same arguments that proved (f2) above 
lead to dimHomCV2 PjP -i, V2 P ,p) = 1. The proof that dimHom(V2 / ,, / y, ^2p,p) = for p' ^ p — 2 
mimics that of © with the simplification that now im (/) = V2 PtP since ^2p,p is irreducible, hence 
there are only two cases to consider instead of four. ■ 
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Since the only proper submodule of V HjP is the radical p (and when (5=0, the exceptional 
case "^2p,p is irreducible), the only quotients obtained from V„ )P are the modules {0}, V„ )P /DJ„ )P = 
L HtP and V n p itself. Of course some of these may coincide. Therefore: 

Corollary 7.4. Every quotient of a standard module is indecomposable. 
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8 Principal Indecomposable Modules 

In this section, we describe a concrete construction, for q a root of unity, of the principal indecom- 
posable modules as submodules of certain induced modules. These are the indecomposable direct 
summands of the Temperley-Lieb algebra when one treats it as a module by letting it act on itself 
by left-multiplication (this is just the regular representation). It follows immediately that princi- 
pal indecomposables are canonical examples of projective modules. Indeed, they are precisely the 
indecomposable projective modules. Moreover, a standard fact about them ETI is that there is a 
bijective correspondence between principal indecomposables and irreducibles given by quotient- 
ing the former by its (unique) maximal proper submodule (its radical). We will therefore denote 
a principal indecomposable module by T n ^ p , understanding that its irreducible quotient is £„ p . 6 
The properties of projective modules needed for this section are reviewed in Appendix 151 

Note that when the algebra is semisimple, indecomposability implies irreducibility, so 

Tn, P = V n ,p = £>n, P 0"L„ semisimple). (8.1) 

We remark that because TL„ is semisimple for generic j8 (and its dimension is obviously indepen- 
dent of j6), it follows from Theorems IB . 1 1 and IB . 3 1 that 

L»/2j 

^dim£, dim ^ = dimTL„ = V" dim V„ iP dimV np , (8.2) 

i p=0 

where the sum on the left-hand side is over a complete set of pairwise non-isomorphic irreducibles 
£, and the corresponding principal indecomposables CPf. We recall from Corollary 14.6 I that the sum 
on the right-hand side corresponds to a complete set of non-isomorphic irreducibles, when q is not 
a root of unity. At this point, we know that the L n p are pairwise non-isomorphic, but we are not 
assured that they form a complete set when q is a root of unity, excluding £/2p,p = {0} from the 
set when /3 = 0. This completeness will be deduced as a corollary of the principal indecomposable 
analysis. 

We will first show how one can concretely construct the principal indecomposables with the aid 
of a detailed example. This serves to nicely illustrate the salient features of the general discussion 
(which is obscured somewhat by the necessary induction arguments). So let us take q = e l7t l A 
(j8 = Vl), noting that criticality corresponds to n — 2p + 1 being a multiple of £ = 4. It may 
be helpful to recall that the dimensions of the irreducible modules for this /3 and small n were 
organized in a Bratteli diagram in Figure |2] 

Consider first the rather trivial algebra Tl_i. Since it is one-dimensional and spanned by the unit 
1, its left regular representation is isomorphic to its only standard module V\ ,o. Thus, 

TLi =0>i,o = Vi )O . (8.3) 



6 In the exceptional case, j5 = and n = 2p, we recall that &2p.p — {0} an d t ne irreducible quotient of "^2p,p is ' n 
fact V% p p = 9?2p p — £>2pp-\- There is therefore no need to define a non- trivial principal indecomposable Tip p when 
j8=0. ' 
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Now apply the induced module construction to get TL2 0ti_i Tl_i = Vi.ot as TI_2-modules. Since 
TL„ + i 0tl„ TL„ is obviously isomorphic to TL„ + i (just send a b = ab 1 to ab), we obtain 

TL 2 5*Vi,ot =V 2 ,iffiV 2 , . (8.4) 

Here, we have applied Corollary 16.61 using the fact that (1,0) is not critical, because j8 ^ 0. Note 
that both Vz,i and V 2 ,o are indecomposable, by Proposition 13.31 and are direct summands of the 
left regular representation. They are therefore principal indecomposable modules: CP 2 j = V 2 1 and 
^2,0 — ^2,0- 

For n = 3, we similarly apply the induced module construction to Equation (18.41) . obtaining 

TL 3 (TL 3 ®tl 2 V 2 ,i) © (TL 3 ®tl 2 V2.0) = V 2 ,it © V 2 ,ot , (8-5) 
since tensor product distributes over direct sums. Now, (2,0) is only critical for j8 = ±1, hence 
Corollary ^applies, giving V 2 ,ot = V 3 ,i © V 3)0 . Since V2.1t = V 3 ,i, we conclude that IP 3) i ^ V 3) i 
and CP3 ; o = V 3 o. Note that this implies that TL 3 = 2!P 3 j © iP 3j o, consistent with Theorem IB .3 1 as 
dim£ 3 i = 2 and dim£ 3: o = 1. 

We pause to remark that for all n considered thus far, we have demonstrated the decomposition 

[n/2\ 

TL„ (dim£,^) y n , p . (8.6) 

p=0 

We may therefore deduce from Theorem IB. 3 I that the set of L np with ^ p ^ [n/2\ constitutes a 
complete set of pairwise non-isomorphic irreducibles, at least for n ^ 3 and j3 = 

At some point, criticality must enter the fray. For j8 = y/l, this first occurs for n = 4. Inducing 
our decomposition of TL 3 and analysing as above, we easily conclude that 

TL 4 ^2V4, 2 ffi2V4,iffiV 3i0 t, (8-7) 
hence that !P 4i2 ^ V 4 , 2 and J» 4i i = V 4) i. Theorem E/J requires that 

TL 4 ^2T 4 , 2 e2y 4j iey 4 ,oe--- , (8.8) 

where the "© • • • " admits that there may be additional unknown principal indecomposables beyond 
the !P 4 ,p. 7 Comparing gives V 3 ot — ^4,0 © • • • • Now, Corollary 16.61 does not help us to simplify 
V 3 ot because (3,0) is critical. Instead, Corollary I6.5l gives the exact sequence 

— ► V 4 ,i — ► V 3j0 t — > V 4j0 — ► 0. (8.9) 

We ask if this sequence splits. The next lemma shows that, if it does, then V 3) ot must split as 
V 4 .i © V 4 o. But then, TL 4 would have !P 4) i = V 4j i appearing as a summand with multiplicity 3, 
which is greater than dim£ 4 j = 2, contradicting Theorem lB.3l This shows that (|8.9l l does not split, 
so V 3i ot is indecomposable. 

Lemma 8.1. If 0—>A—>B—>C—>0isa short exact sequence of modules in which A and C are 
indecomposable, but B is decomposable, then the sequence splits and B=A(BC. 



7 Such additional principal indecomposables would correspond to additional irreducibles. The existence of these 
would therefore amount to a negative answer to the question of the completeness of the set of £>4, p . 
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Proof. Let i be the inclusion of A into B and suppose that B = B\ ®B 2 is a non-trivial decomposi- 
tion. Then, A = (t (A) flBi) © (l (A) n #2), so either 1 (A) C fij or 1 (A) C fi 2 by indecomposability. 
Say 1 (A) C without loss of generality. Then, 

^-^r-w,^ <810) 

so C = Bi /l (A) or C = B 2 , again by indecomposability. But the first option makes — > A — > B\ — > 
C — > exact, whence B 2 = {0} (contradiction). Thus, C = B 2 and hence A=B\. m 



Since £4 is a quotient of V$ t ot > we ma y therefore identify J^ o as V3 of ■ This means that there 
are no additional principal indecomposables to uncover, hence that the £4^, furnish a complete set 
of pairwise non-isomorphic irreducibles. Indeed, one can check that TL4 = 2 CP 4i 2 © 2 T41 © ^4,0 is 
in perfect accord with Theorem IB . 3 1 since the dimensions of the irreducible £4,2, £4,1 and £40 are 
2, 2 and 1, respectively (see Figure |2). 

Continuing, we induce our n = 4 decomposition and argue as above to get 

TL 5 =4a 5 5! 2ffi2a 5 5!l ffiy 4i ot, (8-11) 

with T52 = V52 and CP5.1 = V51. As dim£52 = dim£5i = 4 and dim£s = 1, Theorem IB . 3 1 yields 
the decomposition 

?4,ot =29 5 ,i e^oe-, (8.12) 
where we again allow the possibility of additional unknown principal indecomposables. We there- 
fore need to analyse the structure of CP 4i ot ■ F° r tn is> we induce each module of the exact sequence 
(I8.9I ). Because induction is right-exact (Proposition IB .5b . we obtain the exact sequence 

v 4il t = ^5,2 e v 5)1 — > T 4! ot — > v 4|0 t = v 5 ,i e v 5j0 — > o (8.13) 

which we have simplified using Corollary 16.61 Note that the central element F$ has eigenvalue 
on V5.2 and V5.0, but eigenvalue —2 on V5.1. Any homomorphism A — > B will map generalised 
eigenspaces of A into generalised eigenspaces of B with the same eigenvalue / of F n . It fol- 
lows that y 4) ot decomposes into projectives as CP® J*' (see Proposition IB .61 ) along the generalised 
eigenspaces of F$ and that the exact sequence (18.131 ) is equivalent to the exactness of 

Vs.!- 5 -*?— ►Vs.i— ►() and V 5a -A CP' — ► V 5fi — ► 0. (8.14) 

From (18.12b . we deduce that CP = CP 5)1 ® CP 5 i (hence ken = {0}) and that CP' = CP 5 ® • • • . It only 
remains to identify the submodule W = Vs^/kerl' which makes the following sequence exact: 

— ^W^CP' — ►Vs.o^O. (8.15) 

Suppose first that (18.15b splits. Then, the projectivity of CP' implies that W will be projective. 
But, W is then a projective quotient of the indecomposable V5 2, hence we must have W = V5 2 
or TV = {0}. The former possibility contradicts the multiplicity of CP5 2 = ^5,2 hi TL5 being 4. 
So, W = {0} and CP' = V5.0 is indecomposable. If we instead suppose that (18.151) does not split, 
then Lemma |8~TI also gives us the indecomposability of CP' because the only possibilities for W are 
indecomposable by Corollary 17.41 Either way, we may identify CP' with CP5 and conclude that the 
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Ls.p constitute a complete set of pairwise non-isomorphic irreducibles. To finally determine W, 
we may now appeal to Equation (18.2I ). which gives 

4dima 5 5 , 2 + 4dimy 5 ,i +dim0 5 5 , o = 5dimV 5 , 2 + 4dimV 5 j +dimV 5 , (8.16a) 
=>- dimy 5 , = dimV 5! 2 + dimV 5 , =4- W = V 5 , 2 . (8.16b) 

Hence, we have obtained the non-split exact sequence — >• Vsj, -4 "?sfl — >• V5.0 — > 0. This completes 
the analysis of the principal indecomposables for n = 5. 

One can continue to analyse this example for higher n with few further difficulties. However, 
we have seen enough tricks by now to understand the principal indecomposables in general. 

Theorem 8.2. Let q be a root of unity and let I be the minimal positive integer satisfying q 2{ = 1. 
Define k(n,p) G N and r(n,p) G {1,. ..,£— !,£} by n — 2p + \ = k (n, p) £ + r (n, p). Then, the 
principal indecomposables J 3 ,, p of TL M are identified as follows: 

• Ifr(n,p) = £ (so (n,p) is critical), T n ^ p = V n p . 

• Ifk (n,p) = (so n - 2p + 1 < £) and P ^ 0, then O 5 ,^ ^ V n , p . 

• If k(n,p) > and r(n,p) 7^ £, then y n „ is the direct summand of the r(n,p)-fold induced 
module 

"n—r(n,p),p T ' " T 
r(n,p) times 

consisting of the generalised eigenspace, under the action of F n , whose generalised eigen- 
value is f up = q"~ 2p+l +q~("~ 2p+l \ Furthermore, there is a non-split exact sequence 

> V n ,p+r(n,p) ► ^n,p > ^n,p > 0. (8.17) 

Moreover, : p = 0, 1, . . . , [n/2\ } is a complete set of pairwise non-isomorphic irreducibles, 

except when n is even and /3 = 0. In this latter case, the range must be restricted to p = 0, 1, . . . ,n/2 — 
1. 

The proof is by induction on n and k(n,p). As in the £ = 4 example detailed above, the key is 
to note that applying the induced module construction to a projective TL„_i -module results in a 
projective TL„-module. The labour mostly concerns keeping track of the multiplicities with which 
these projectives appear. Before commencing the induction arguments, it is convenient to deal with 
the exceptional cases /3 = 0, ±2. Indeed, the above statement makes it clear that the case /3 = 
and n even is special, since there is now no principal indecomposable J > 2p,p> the number of distinct 
principal indecomposables being then one less. 

Proposition 8.3. When either j8 = ±2 (£ = \) or n is odd and /3 = (£ = 2), the principal inde- 
composables of TL„ may be identified as = V HtP = £> n ,p> f° r p = 0,1, . . . ,n/2. Moreover, the 
£n,pform a complete set of pairwise non-isomorphic irreducibles for ^ p ^ n/2. 

When n is even and j8 = 0, we have instead y thp = ,for p = 0, 1, . . . ,n/2 — 1. The 

therefore form a complete set of pairwise non-isomorphic irreducibles for ^ p ^n/2 — 1. 
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Proof. When j3 = ±2 or n is odd and j6 = 0, TL„ is semisimple (as remarked after Corollary 14.81 . 
hence "?„ >p = V, hp = L, hp for all p. So, assume that n is even and j3 = 0. Then, 1 = 2 and the 
semisimplicity of TL„_i gives 

n/2-l 

TL n _i = (dim£„_ ljP )V„_ ljP , (8.18) 

by Theorem lB.il hence 

n/2-l n/2-1 

TL„ = (dim£„_i,p)V„_i,pt = (dim^) Vn_i.pt- (8-19) 

p=0 p=0 

Here, we have used Corollary 15.21 noting that r (n,p) = 1 = £— 1. 

If we can show that the V n _i )P t are indecomposable, then we may identify them with the T n iP . 
Theorem IB . 3 1 would then give the completeness of the corresponding L np . Now, this indecompos- 
ability is equivalent to 

— > V M;P+1 — > V„_i, p t — > V„, p — > (8.20) 
not splitting, by Lemma |8Tl However, if this exact sequence splits, then V, i p+ i would be a direct 
summand of TL„, hence it would be projective. The corresponding exact sequence for V„_i ,p+it 
would then be guaranteed to split by statement ( ii) of Proposition IB.7I We therefore conclude that 
all the V„_i p t will be indecomposable, provided that the exact sequence for V„_i n/2-it does not 
split. 

Suppose then that V„_ 1 „ /2 _ 1 t = V„ n/2 V, l n/2 _ 1 . It follows that V n n/2 _i and V nn , 2 would 
both be principal indecomposables of TL„. Since V„ fl n = ^ n ,n/2 — £>n,n/2-\ by Theorem |7.2| then 
both would be indecomposables with the same irreducible quotient £„ „/ 2 _i and should therefore 
coincide by Theorem |B.3I CP„ „/ 2 -i — ^n,n/2-\ — V n ,n/2- But, V n _i )B /2_it appears in TL„ with 
multiplicity dim£, 1M / 2 _ l , by (18.19I ), hence this splitting would mean that J > „ „/ 2 _i appears with 
multiplicity (at least) 2 dim£„ „/ 2 _ 1 . Since this contradicts Theorem IB .3 1 the exact sequence for 
Vi-i .n/2-it cannot split and the proof is complete. ■ 



As a preamble to the proof of Theorem I8.2I we gather some general facts concerning the result 
of inducing the principal indecomposables. Fix n and assume that the statement of the theorem 
is true for the principal indecomposables CP„_ i ;P and their irreducible quotients £„_i , p . We must 
consider two (non-exclusive) cases: 

(i) y n -i, P = V„-i, p , and 

( ii) [n — 1 , p) is non-critical and there is a non-split exact sequence — > V n _ j p+r i n - i p \ — > CP n _i )P — > 
V„ >(). 

In case (i), CPn_i.pt i s a projective TL„-module with exact sequence 

— ► V„ ;P+1 — >• CP„-i,pt — ► V„,p — >• 0. (8.21) 
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If this splits, we identify y n ,p+i — Vn,p+i an d CP,,^ — Vn,p> using the indecomposability of the 
standard modules (Proposition 13- 3b - If this does not split, then we instead find that CP„ iP = CP n _i ; pt ■ 
In case ( ii), we use the right-exactness of the induced module construction, the non-criticality of 
(n — l,p) and the generalised eigenspaces of F n to conclude that we have exact sequences 

Vn,p+r(n,p) ^ ^ 'n,p > an d *n,p+r(n,p)-\ — ► J' — > V^i — ► 0, (8.22) 

where J 3 and CP' are projectives satisfying CP© CP' = CP n _i iP j . If the first splits, then CP„ ]P = V HjP and 
^n,p+r(n,p) will be a quotient of V n ,p+r{n,p) which, by Corollary 17.41 is indecomposable. If it does 
not, then we identify only CP„ y,. The same argument for the second exact sequence gives CP„ iP _i 
and, perhaps, CP ;1/ , + ,. ( „ / , ) _ 1 . 

This not only shows how one can identify principal indecomposables for TL„ from those of 
TL„_i, it also indicates which TL„_i principal indecomposables might produce a given TL„ prin- 
cipal indecomposable upon inducing (and decomposing). In particular, CP„. P can only be induced 
from 

fn-ljp-lj ^«-l,p+r(n-l,p)-£ an d J'w— 1 ,p+r(n— 1 ,/>— 1 ) — ^— 1 • (8.23) 

With this in hand, we can now attend to the proof of the theorem. 



Proof of Theorem I&2] Because of Proposition [831 we can (and will) assume throughout that i > 2. 
So recall that when n = 1, CPi o = TLj is the only principal indecomposable and it coincides with 
Vifl (and £i,o)- This therefore agrees with the statement of the theorem. Clearly L\ $ is the unique 
irreducible, up to isomorphism. 

The induction step over n needs to be supplemented by a further induction on the label of the 
critical strip k. The following statements are to be proved for all k(n,p): 

1) The submodule of CP n _i p t which is the generalised eigenspace of F„ with eigenvalue f HjP is 
either CP„ iP or, when (n,p) is critical, 7„^ p © CP„,p+£- In the latter case, CP„, p = V„ tP and, in the 
former, CP„ iP forms the exact sequence 

^n,p+r{n,p) ^n,p > ^n,p > 0, (8.24) 

where V„ iP+r r niP \ is {0} when (n,p + r(n,p)) is outside the Bratteli diagram. 

2) All copies of CP„. P in TL„ are induced from the copies of CP„_i :P > in TL M _!, where 



M if r(n,p)=£-\, 

{p,p-l,p-£} if r(n,p)=e, (8.25) 
{p , p — 1 } otherwise. 



To the left of, or on, the first critical line - We first consider the base case k (n,p) = which labels 
all (n,p) to the left of and on the first critical line. We start with a pair (n — l,p) lying strictly 
to the left of the first critical line on the Bratteli diagram, so k (n — 1 , p) = and r (n — 1 ,p) <£. 
We may assume, inductively, that CP„_i iP = V„-^ p . Since [n — l,p) is not critical, Corollary 16.61 
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T 

(n,p) 
1 < r < 
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(n-l,p) (n-l,p-l) 
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(n-l,p-f) 

--4 



Figure 3. The principal indecomposables that might contribute to y„_ p when 
k(n,p) = for the four cases r = r(n,p) = 1, I < r < £ — 1, r = £ — 1 and r = £ 
The thick vertical segments indicate the critical lines of the Bratteli diagrams, the 
dotted one the left boundary of the diagram. A curve between the symmetric pairs 
(n — l,p") and [n — 1,//), with p" > p', is drawn to remind us that, by the induc- 
tion hypothesis, the projective module ?„_[„/ belongs to a non-split short exact 



sequence — > V„_i y — > "?„ 



-V 



gives DVi )P t - V„,p+i © V„,p (with V„ jL „/ 2 j+i = {0}). Thus, V„ tP is projective for 1 < r(n,p) < & 
Moreover, "\7„ iP is indecomposable, by Proposition [33J hence we conclude that T„ jP = V„ )P for any 
p satisfying k (n,p) = 0. This proves CD. 

We next determine, for k (n,p) = 0, which TL„_i principal indecomposables contribute copies of 
J> n p = V n p to TL„ and which do not. The principal modules among those of (I8.231 l that can actually 
contribute to a given 1P„ :P depend on whether r = r(n,p) is 1, strictly between 1 and equal to 
£ — 1 or I. On each of the diagrams of Figure [3] the possible contributing projective modules are 
identified by their labels. For example, in the case r = r(n,p) = 1 which, when k = 0, corresponds 
to (n,p) = (2p,p), only two of the four possibilities of (18.231 ) are distinct and non-vanishing: 
c S > 2p-\, p -\ — V2p-i )P _i and "?2p-i,p-i+l- Since we assume that £ > 2, (2p — l,p— 1) is not critical, 
and the exact sequence for ^ip-i^p-il splits. By Theorem IB .3 1 there are dim£ 2 p-i,p-i copies of 
J^p-i.p-i in TI_2 P -i, hence we obtain this many copies of 7ip,p in Tl_2 p . Corollary !5.2l now gives 
dim £2/5 .p = dim£2p-i,p-i> which is precisely the number of copies of 7ip,p that Theorem IB .31 
requires in TI_2 P . This shows that every copy of T n!P in TL„, with k(n,p) = and r(n,p) = 1, is 
induced from the copies of J^-i^-i in TL„_i (and not from the copies of CP,7— i,/?— £+1)- 

One similarly argues that every copy of 3> np in TL„, with k(n,p) = and 1 < r(n,p) <£ — 
1, is induced from the copies of T n -\^ and T„-i,p-i in TL„_i. This essentially follows from 
dim£„p = dim£„_ip + dim£„_ip_i. When k(n,p) = and r(n,p) = £— 1, one instead uses 
dim£„ p = dim£„_i p to conclude that every copy of T„p is induced from copies of CP„ i p . The 



D RIDOUT AND Y SAINT- A UBIN 



53 



(n-l,p) 



t 



(n-hp-i) 



(n-\,p-£+l) 

— 1 



T 

(»,/>) 
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Figure 4. The principal indecomposables that might contribute to J 3 ,,^ when 
k(n,p) > and r = r(n,p) = 1, I < r < £— 1, r = £— 1 and r = £ See Figure [3] 
for the notation. 



calculation for k(n,p) = and r(n,p) = £ is a little more interesting. Then, (18.23I ) gives ^n-i^ = 
*n—l,p> and Tn-i^-f as candidates for inducin g Jy p . However, note that could 

contribute twice, because the second exact sequence of (18.221 ) becomes V njP — > T' — > V KiP — > 0. In 
fact, the calculation 

dim£„_i p + 2 dim£„_i, ; ,_i + dim£„_i iP _^ = dim£„_i p + dim3?„_i iP + dim£ n _i + dim3?„_i iP 

= dimV„_i i p + dimV„_i i;) _i =dimV„, p = dim£„ iP 

(8.26) 

shows that CP„_i p _i does contribute twice and ^,,-1^ and !P„-i,p-<? both contribute once each. 
Here, we have used Propositions 15.31 and 13.31 then Proposition 14.11 (or direct calculation using 
Equation ( 12.91 )) and finally, Corollary 14.81 The above computation assumed implicitly that the n-th 
row of the Bratteli diagram is long enough to contain the labels (n— l,p— 1) and (n—l,p — £). If it 
is not, then the following addition is necessary: If (n,p) = (n,0), then only T n -\,p contributes and it 
provides dim£„_i p copies. But, in this case, dim£„ o = dim£„_i o and the result follows trivially. 
If (n,p) is such that does not exist (because p — £ < 0), then the term dim3i„_i in the 

first line of (18.261 ) should be removed. However it can be left there, as this radical is trivial and its 
dimension 0. This proves ® and concludes the base case for the induction over k {n,p). 

To the right of the first critical line - We now suppose that k(n,p) = k > 0, assuming that both 
(Q]) and (f2]) hold for all p' such that k (n,p') < k. Again, the diagrams of Figure @] will be useful to 
identify the contributing modules. 

If r(n,p) = 1, then (n — \,p) is critical, so DV-i.pt — Vn-i,pt nas exact sequence — > V nj p+i — > 
^n-i.pt — > Vn,p 0- This cannot split, as otherwise "? n ,p+l — ^n,p+i and IP»-i,p would con- 
tribute a copy of JVp+i, contradicting © (since k(n,p+ 1) = k — 1 and r (n,p-\- 1) = I— 1). Thus, 
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y n p = < ? n _i p '\ , proving © for k(n,p) = k and r(n,p) = 1. To prove ©, note that the above 
argument shows that "? n -i,p leads to dim£„_i iP copies of J 3 ,,^. To obtain further copies, we con- 
sider y„-i iP -i. This satisfies the exact sequence — > V„_i. p+ i — > Tn-i.p-i — > — > 0, from 
which we obtain the exactness of 

V„, p+ i — ► 9' — ► Vnj, — > (8.27) 

as in ( I8.22I ). Since J 3 ' is projective with quotient it is a direct sum of principal indecompos- 
ables, one of which must be CP„ :P . But, dim J 3 ' ^ dimV„ _ p+ \ + dimV„. p = dim y„ )P because we have 
just established that J^.p = CP n _i ;/ ,T • So we conclude that J 3 ' = T n , p and hence that CP W _ i i leads 
to dim£„_i p _i more copies of 7 n ^ p . We therefore have all the required copies by Corollary 15.2 l and 
Theorem IB .3 1 proving © for k(n,p) = k and r(n,p) = 1. (Note that, if (n,p) = (n,0), the princi- 
pal y n -\. p -\ is not defined. However, in this case, dim£„ p = dim£„_i iP and the right number of 
copies had already been provided by 7 n -\,p-) 

For 1 < r(n,p) < I— 1, we start with the exact sequence — > ^ n -\,p+r{n-\,p) ~^ ^n-\,p — > 
Vn-i,p 0, obtaining the exactness of 

^n,p+r{n,p) ~ + ^ > V n ,p > 0. (8.28) 

If this does not split, then combining Lemma I8TT1 and Corollary 17.41 yields y n p = T as required. 
If this does split, then V n p+r ^ n p ^/keri will be indecomposable and projective, hence can only 
be {0} (so = V„ jP as © requires) or y n , p+r (, hp )- But, the latter possibility implies that 
y n -\. p contributes copies of 7 n ,p+r(n,p)^ contradicting © (since k{n,p + r{n,p)) = k—l and 
r(n,p + r(n,p)) = I — r(n,p)). This proves (fl]) when k (n,p) = k and 1 <r(n,p) < I — 1. State- 
ment © is now proven by noting that this analysis provides dim£„_i p copies of CP„ p and the same 
analysis applied to T n -i,p-i provides the rest, by Corollary 15.21 

When r(n,p) = £— 1, we prove © in exactly the same manner as for 1 < r(n,p) < I — 1, 
starting with CP,, Proving © is even easier because Corollary 15.21 implies that in this case, 
CP„_i iP contributes all the copies of T n ,p- We therefore turn to r(n,p) = t. The exactness of — > 
Vn-i, P +£-i -> ^n-\, P ->■ Vn-i, P -> now yields that of 

Vn, P+ e — > y — ► V n ,„ — > 0. (8.29) 

If jfc = 1, then V n ,p+l is not defined, hence J 3 ,,^ = V np as © requires. For k > 1, it is easily seen 
that J 3 must split as V HtP+ £ © V„ p to avoid a contradiction with © — since k(n,p + £) =k — 2 and 
r(n,p + £) = £, T n -\,p is known to contribute copies of T n ,p+t = V n ,p+i to TL„. This proves © 
when k (n,p) = k and r(n,p) = £, and © follows from the same argument used when k (n,p) = 0. 
This completes the (inductive) proof of statements © and ©. 

Completing the short exact sequences - The first question to answer is whether the induction of the 
CP„_ i p allows us to construct all of the principal indecomposables of TL„. By the previous recursive 
argument, all principal indecomposables of TL„ must be summands of one of the 7 n -\.p\ ■ Again, 
each CPn-i.pt can t> e written as a direct sum of at most two generalized eigenspaces of F n , each 
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being projective and part of an exact sequence of the form 

V„, p » 7 — > — >• 0, (8.30) 

where J 5 is either one of the two summands, or equivalently 

0^V„y//keri^a 5 ^V„ iP /^0. (8.31) 

If this exact sequence does not split, then CP is projective and indecomposable (by Lemma [87Tb . 
It is therefore a principal indecomposable with irreducible quotient £„y and must be identified 
with "P„ tP i (which has already been constructed). If the sequence splits, then the two summands 
V n y/kerl and V np i are likewise projective and indecomposable (by Proposition 13.31 or Corol- 
lary 17.4b . so must again be principal indecomposables (if not trivial). In fact, they must be y n ,p" 
and y n p i since their irreducible quotients are L np » and L„ p < respectively. Hence the set of 7 n ,p, 
^ p ^ > is a complete set of non-isomorphic principal indecomposable modules of TL„. It 
follows that the corresponding L„ 4 , also form a complete set of non-isomorphic irreducible TL„- 
modules. 

We have proved, with statement (Q~|) for non-critical (n,p), that "P ntP is part of the short exact 
sequence 

-)• V„ iP+r(ni/ ,)/keri -> T„, p -> V„ jP -> 0, (8.32) 
where i is the map that makes the sequence (18.241) exact at Tn.p- Therefore, the dimension of CP„ p 
is bounded by 

dim?,,,,, ^ dim V„ ;P + dim V„ iP+r (n, P ) (8.33) 

with the bound saturated if and only if ken = {0}. The last step of the proof is to prove that this 
bound is indeed reached and therefore that the short sequence (18.171 ) is exact. 

Since the 7 n p form a complete set of principal indecomposables, their dimensions are con- 
strained by Theorem IB.3I 

[n/2\ [n/2] 

dimTL„ = V" (dimV„. p ) 2 = V* dim£„ )P dimIP B| p. (8.34) 

p=0 p=0 

Some of the terms in these two sums coincide pairwise. Indeed, when (n,p) is critical, dim V n>p = 
dim£„ p = dimTn p. Let (n,pi) be on the left of the first critical line of the Bratteli diagram and let 
pi > pi > ■ ■ ■ > p m > be all the p\ obtained from p\ by reflections with respect to critical lines. 
There is precisely one pt between each pair of consecutive critical lines. The set {(«,/?,), 1 ^ i ^ m} 
is the orbit of under these reflections and every non-critical (n,p) belongs to precisely one 

such orbit. 8 Theorem 17 .2 l and the definition of L n p give 

dimL n pi+l = dim3?„. Pi and dim£ n pi = dim V n>pi — dim0l n p[ . (8.35) 

Since the radical 3?„ „ is trivial for all p that do not have a reflection through a critical line on their 
right, we also have 

dimV n , Pm =dimL n , Pm . (8.36) 



These orbits were introduced in 11121 and play a central role in the construction of the blocks of TL„. 
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These identities, together with the bound (18- 33 b . lead to the following bound for the right sum of 
(18.341 ) restricted to the orbit of (n,p\): 

m m 

£dim£„ iPi Aim7, hPi = dim£„ iPl dim?„ iP1 +^dim£„ i/ , i dim? njW 

i=l i=2 

m 

< (dimV„ !Pl -dimK„ !Pl )dimV„ !Pl +^dim£„ iPi (dimV„ ! p,. + dimV„ iPj ._ 1 ) 

i=2 

m m—l 

= (dimV„ !Pl ) 2 -dimlR„, Pl dimV„, Pl + £dim£„ iPi dimV„ jP . + £ dim3?„. p , dimV M;P , 

1=2 i=l 

m— 1 

= (dimV„ jPl ) 2 + £ (dim£„ iPi +dim3?„, p ,)dimV M;Pi +dim£, ljPm dimV M;Pm 

i=2 

m 

= £(dimV„ !P ,) 2 . (8.37) 
(=i 

For (18.341 ) to hold, the upper bound must be reached for all orbits and the short sequence (18.171 ) 
must thus be exact for all y„ ]P to the right of the first critical line. ■ 
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9 Summary of Results 

We conclude the article with a brief summary outlining what has been proven and a few ideas con- 
cerning what can be done with the results. First, we have presented the well-known equivalence 
between the algebraic and diagrammatic definitions of the Temperley-Lieb algebra TL„ (with pa- 
rameter p = q + q~ l ), deducing as a consequence that its dimension is given by the n-th Catalan 
number. We have then discussed the standard TL„-modules V,,,p, with ^ p ^ [n/2\, each of 
which admits a natural invariant bilinear form, and explained that a study of the irreducibility of 
the V np may be reduced, in almost all cases, to the consideration of the non-degeneracy of this 
bilinear form. Of course, we have also detailed how to analyse the exceptional cases when the 
natural bilinear form is not useful. 

The question of whether these standard modules are irreducible or not turned out to have struc- 
tural implications for the Temperley-Lieb algebra. We used restriction from TL„ to TL„_i to derive 
a recursion relation describing the kernel of the bilinear form on each V„ iP . This gave a complete 
answer to the irreducibility of the V n>p and led to a criterion for the semisimplicity of TL„. In 
particular, this recovered the well-known result that the TL„ are all semisimple when q is not a root 
of unity. While our strategy follows that of liT3l rather closely, we believe that our proof is new. 
Moreover, we found that the aforementioned description of the kernel suggested that the standard 
modules were either irreducible or had an irreducible maximal submodule, the radical. 

To prove this suggestion, we turned to the induced modules obtained from the V HjP by including 
TL„ in TL„ + i in the obvious way. After deriving the required structural information concerning 
these induced modules, we detailed a non-trivial computation involving the action of a little-known 
central element F n € TL„ on the induced modules. This then allowed us to deduce the existence 
of non-trivial homomorphisms between certain standard modules. As a consequence, we obtained 
the desired irreducibility of the (non-trivial) radicals as well as a complete description of the space 
of homomorphisms between any two standard modules. All of these proofs appear to be new. 

Finally, we used our knowledge of induced modules to systematically construct the principal 
indecomposable modules CP„ p for the Temperley-Lieb algebra. These turn out to be realised as 
either standard modules or as submodules, corresponding to a given generalised eigenspace of the 
central element F„, of a multiply-induced standard module. The structures of the y n ^ p followed 
immediately from the analysis, as did the statement that the irreducible TL„ -modules L„ iP that can 
be constructed from the V„ tP are, in fact, exhaustive (up to isomorphism). While the structure of 
the principal indecomposables is known (it appeared first in (51), we are confident that our straight- 
forward proof is also new. Certainly, it relies upon a particularly remarkable property of F n , namely 
that it completely distinguishes the non-critical blocks of TL„, a property which does not seem to 
be shared by other better-known central elements. 

We include, for convenience, pictorial representations of the structures of the standard and prin- 
cipal indecomposable modules when q is a root of unity. These take the form of annotated Loewy 
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diagrams which are popular in, for example, logarithmic conformal field theory. The Loewy dia- 
grams for the standard modules have two forms according as to whether (n,p) is critical, meaning 
g2(«-2p+i) _ ^ Qr nQt (n,p) and (n,p') form a symmetric pair, in the sense of Section|7] with 
p > p' . The possible Loewy diagrams for the V H}P (0 ^ p ^ [n/2\ ) are then as follows: 



n.p 



V 

v n,p 

(n,p) critical 



'n,p 

(n,p) non-critical 
(n / 2p or /3 / 0) 



&2p,p-l 
v n ,p 

(n = 2p and j8 = 0). 



To explain, these diagrams present the (irreducible) composition factors of the V„ jP as nodes, con- 
nected by arrows, that are meant to represent the action of the algebra. The diagrams on the left 
and right indicate that V np is in fact irreducible (and isomorphic to £ njP and &2p,p-\, respectively) 
in these cases. By contrast, the diagram in the middle has its only arrow pointing towards 
indicating that V np has, in this case, a submodule isomorphic to L n p i. In fact, it is the maximal 
submodule — quotienting corresponds to removing the node L n ; y and the arrow, leaving us with 
only L n p (and no arrows). In other words, V niP /L n „i = £„, p . We remark that for sufficiently small 
p, the p' required to form a symmetric pair would be negative. In that case, £> np i should be under- 
stood to be {0}. The diagram in the middle should then be taken to degenerate into the diagram on 
the left. 

The Loewy diagrams for the principal indecomposables are only a little more complicated. First, 
we remark that when j3 = and n is even, p is restricted to the range ^ p ^ n/2 — 1; otherwise, 
the range is ^ p ^ [n/2\ . Now, take p" > p > p' so that (n,p") and (n,p), as well as (n, p) and 
(n,p'), form symmetric pairs. The possible Loewy diagrams for the are then as follows: 
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^n,p ^n,p ^"tP 

(n,p) critical (n,p) non-critical (n = 2p + 2 and j8 = 0). 

(n ^2p + 2 or j3 / 0) 

Again, the diagram on the left indicates that the critical principal indecomposables are irreducible. 
To understand the diagram in the middle, note that there is a submodule isomorphic to L np (the 
bottom node with arrows only pointing in). Quotienting by this submodule leads to a module with 
three composition factors. It has a submodule isomorphic to L n „« ©£„ iP ', 9 and quotienting by 
this submodule results in something isomorphic to L np . The diagram on the right is interpreted 
similarly. 

The degeneracy conditions are likewise a little more complicated: When p is small enough in 
the middle diagram that p' would have to be negative, one must delete the node L np i and arrows 
pointing towards or away from it. The resulting principal indecomposable therefore has three 
composition factors. However, when p is large enough that p" would have to be greater than 
\n/2\, one should delete both L np n and the bottom £„, p , so that f np has only two composition 
factors. This means that y n p = V„ iP when p is on the left of the first critical line. It may, of course, 
happen for n sufficiently small that there are non-critical p for which both p' and p" fall outside the 
allowed range. Then, the middle diagram degenerates into the diagram on the left. Similarly, the 
diagram on the right degenerates only when n = 2 and p = 0. In this case, the Loewy diagram for 
7*2,0 has two composition factors, both isomorphic to £2,0, connected by an arrow. 



9 One can (and should) ask why this submodule is a direct sum. Equivalently, why is there no arrow from the factor 
£i np i to the factor £j n ^i in the middle diagram? (That there is no arrow in the opposite direction follows directly from 
d8.17l l.) This may be answered by showing that any short exact sequence of the form — > £ n ,p" — > M — > L n p i — > 
necessarily splits. To see this, note that projectivity implies the existence of a homomorphism 8 : 7„^y — > M such that 
the following diagram commutes: 

J n,p 

— > & n ,p" -> M -* £«,/>' — > 0. 

As M has two composition factors, there are four possibilities for im (S) and it is easily checked that only im (S) = 
is consistent. Thus, C„ p i is a submodule of M, so M = £/„„« @ L„ iP i. 
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Finally, we remark that such a complete description of the principal indecomposables allows one 
to apply standard tools from homological algebra to answer more advanced questions regarding the 
variety of possible indecomposable structures. We shall not do so here, but will content ourselves 
with mentioning that it is now easy to write down projective presentations and resolutions for stan- 
dard and irreducible modules and so compute the extension groups between them. This technology 
answers, in particular, the question of whether giving a non-split short exact sequence completely 
determines the module in the middle. One can also use the extension computations to construct 
injective modules and, indeed, give a complete classification of the indecomposable modules of 
the Temperley-Lieb algebra (something which is not possible for most associative algebras). These 
directions are clearly crucial for a sound mathematical understanding of Temperley-Lieb repre- 
sentation theory as well as necessary for a complete identification of Temperley-Lieb modules in 
physical models. In both cases, the structural results proven here provide a springboard from which 
one can profitably tackle advanced questions. 
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Appendix A Central Elements 



The goal of this appendix is to introduce the central element F„ G TL„ which plays a crucial role in 
Sections|7]and[8] This is not the only important central element in the theory of the Temperley-Lieb 
algebra. One should also mention the well-known central element C n = (?i • • -t n -\) n 6 TL„, where 
ti = 1 — qut, which is derived from its analogue in the braid group ll22]|23l . as well as the central 
idempotents described by Jones and Wenzl ||TT). For our purposes, F n will suffice (whereas 
C n in particular will not). This appendix uses notation and one result from each of Sections |2] and 
|3l results from other sections are also used to provide examples. The element F n is first used in 
Corollary |4~2l 

The role of central elements is well-known to physicists, where the quadratic Casimir of a 
semisimple Lie algebra probably provides the most familiar example. One use for such central 
elements is to decompose representations into their eigenspaces. More precisely, if c is a central el- 
ement of an algebra A and M a module over this algebra, then the linear map C : M — > M obtained 
by left-multiplying elements of M by c defines a homomorphism of modules: a<p c (m) = acm = 
cam = ty c (am) for all a € A, m € M. The eigenspaces of C are then submodules of M. How- 
ever, it might happen that <f> c is not diagonalisable on M, in which case the generalised eigenspaces 
M x = {m € JVC | (<j> c - Al) dimM m = 0} are also submodules. In fact, M splits, as an A-module, into 
the direct sum of the generalised eigenspaces of <p c . This is a very useful property. 

We therefore turn to the central element F n G TL„ and its properties. The computations which 
follow, and even the definition of F n itself, are diagrammatic. The construction is based upon the 
recent analysis of a double row transfer matrix [8 |. It also appears briefly in [24] (with j8 = 0), 
though it does not seem to have been recognised as central there. This important property was 
made explicit in 1251 . where its eigenvalues were computed. We will follow their approach with 
only minor changes. 



To define F n in TL„, it is useful to introduce the following shorthand (recall that j8 



q + q- 1 ); 







=«" 2 


YA 



















and 



1/2 



-1/2 



(A.l) 



These crossings are to be interpreted as formal objects which will be used as building blocks to 
form (linear combinations of) ^-diagrams. In particular, we define F n as follows: 



Fn 



(A.l) 
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This looks deceptively simple, but the notation hides a large number of diagrams as each crossing 
of thin lines stands for a sum of two terms. Computing even Ft, explicitly requires considering a 
linear combination of 2 6 = 64 3-diagrams, even though dimTI_3 = 5. For comparison, we list the 
first few explicit forms for F„ and the better known C n : 

(A.3a) 
(A. 3b) 



Fi = 


{q 2 +c 


r 2 )i, 




Ci 


= 1, 






F 2 = 




r 3 )i- 


(q-c 


f X ) 2 u\, C 2 


= l + i 


J 2 (q-q 




F 3 = 




r 4 )i- 


(q-c 


f l ){q 2 -q~ 2 ){u\+u 2 ) C 3 


= l + < 




q~ 2 )(u\+u 2 



+ (^ — <7 ) {u\u 2 + u 2 u\ 



q (q — q )(«i«2 + u 2 u\). (A. 3c) 



We note that because the number of crossings used to construct F„ is even, the coefficients of the 
corresponding linear combination of ^-diagrams will only contain integral powers of q and q~ Y . 
Note further that 



t 



q 



1/2 



q 



-1/2 



(A.4) 



recalling that the adjoint was chosen in Section [3] to be linear, not antilinear. It follows that F„ is 
self-adjoint. Finally, it is also true ||25l that F n is invariant under q o q~ l (we remark that C n does 
not have this last property). 

Proposition A.l. F n G TL„ is central. 
Proof. The key insight is that 



(A.5a) 






and similarly, that 




(A.5b) 



Thus, 





(A.6) 



is symmetric under a vertical reflection, hence self-adjoint. It follows that UjF n must be self-adjoint 
for all i, whence 

UiF„ = (ujF n ) ' = F%uJ = F n Uj, (A.7) 
as required. ■ 
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The eigenvalue of C n on the standard module V„ tP is easily shown to be q 2 P("+ 1 ^P) (see for example 
|[T3l ). The corresponding result for F n is as follows. 

Proposition A.2. The element F n acts on V,^ p as the identity times f n , p = q n ~ 2p+1 + q~( n ~ 2p+l \ 



Proof. First note that any central element must act as a multiple of the identity on V nrP by Proposi- 
tion !3.8l We may therefore determine this multiple by computing the action of F n on any («,/?)-link 
state (modulo terms which have more than p links). A convenient choice is the state z p G V np which 
has first p simple links, followed by n — 2p defects. 

We will break the computation up into two pieces, corresponding to the action on the p simple 
links and the action on the n — 2p defects. The first is easy: Using Equation (IA.5b (or rather its 
adjoint) repeatedly, we obtain 




(A.8) 



This will clearly contribute 1 or j3, according as to whether the loop wiggling down is closed by 
the action on the defects. 

This latter action requires a bit of explanation. First, apply the definition dA.ll ) to expand the 
top-right partial crossing (the loop at the top of these diagrams stands for the big loop of (IA.8I )): 




Consider now the first term on the right-hand side. When we expand the crossing immediately 
below that just considered, only one term contributes. The other leads to a link on the middle 
vertical border which creates an extra link in the result (using the adjoint of Equation dA.5a| |), so 
the result vanishes. This observation propagates down the right side, yielding a factor of q l l 2 at 



D RIDOUT AND Y SAINT- A UBIN 



65 



each step. Thus, 




(A. 10) 



Now expand the crossing at the top-left. Because of the big loop at the top, we again find that 
only one term contributes — the other corresponds to closing two defects and hence vanishes. This 
observation propagates down the left side, picking up a factor of q 1 / 2 at each step, until we reach 
the last crossing for which both terms contribute: 




(A. 11) 



The overall contribution from this analysis is therefore a factor of q n 2p fi — q n 2p 1 = q n 2p+l . 

The analysis of the second term on the right-hand side of (|A.9b is almost identical. After 
analysing the crossings on the right side, the diagrams become horizontal reflections of those we 
have just analysed (this reflection corresponds to the automorphism m,- «-)■ «„_,) and q is replaced 
by q~ l . The resulting contribution is therefore q~\ n ~ 2 P+ 1 ). Summing the contributions from both 
terms now gives the desired result. ■ 



We conclude by indicating why we consider the central element F„ superior to the more familiar 
C„ for the purpose of analysing the indecomposable structure of TL„ -modules. The algebra TL„ is 
semisimple when q is not a root of unity by Corollary 14.61 so we may as well suppose that there 
exists a minimal positive integer £ such that q 2e = 1. In other words, we have q = e l7tk ^ for some 
iGZ coprime to £. The eigenvalue of F n on the standard module V n tP is therefore 

Kk(n-2p+l) 

f„ }P = 2cos . (A.12) 

In Sectional we defined (n,p) to be critical when £ divides n — 2p + 1. In that case, f HjP achieves it 
maximal or minimal value ±2. More generally, we defined critical lines that partition the Bratteli 
diagram of the Temperley-Lieb algebras in Section [5] The crucial property of F n is that if (n,p) 
and (n,p') are distinct pairs, both lying in the same strip bounded by two consecutive critical lines, 
then f np / f np i. In other words, the eigenvalue of F„ completely distinguishes standard modules 
within such strips. In the language of Goodman and Wenzl [12], this means that F„ completely 
characterises the non-critical blocks of the Temperley-Lieb algebra TL„. This property is not shared 
by C n . A simple example is provided at q = e l7t l 6 for TL4. The three modules V42, and V4 
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lie to the left of the first critical line. The eigenvalues of C4 on each are 1, e 4 * i/3 and 1, and fail to 
distinguish V4 2 and V^q. The eigenvalues of F4 are —y/3, and y/3. 

Appendix B Basic results 

This Appendix reviews certain classical tools of representation theory that are not commonly seen 
in a first course on representation theory, say at the level of l26l . These are Wedderburn's theorem 
and its generalisation to non-semisimple algebras, Frobenius reciprocity, the right-exactness of 
induction and the basic properties of projective modules. We state them here without proof. The 
reader can find proofs of Wedderburn's theorem in ll27]|28l . Proofs of Frobenius reciprocity for 
algebras may be found in (2l|28l. The right-exactness of tensor products is proven in |29 | and 
projective modules are covered in 11211 128 301. Finally, we note that [6, App. A] provides a concise 
introduction to finite-dimensional algebras that gives proofs of Wedderburn's theorem and its non- 
semisimple generalisation as well as what is needed on projective modules in order to understand 
Section[8] All modules in this summary should be understood to be finite-dimensional left modules. 

Let A be a finite-dimensional associative algebra over C. Every element of A can be seen to act 
on A by left multiplication. This action makes A into a left A-module called the regular module. 
The algebra A is said to be semisimple if the regular module is completely reducible, that is, if it 
can be written as a direct sum of irreducible modules. (In the case of a finite group G, its group 
algebra CG is always semisimple [26].) A key consequence of semisimplicity is the following 
theorem. 

Theorem B.l (Wedderburn). Let A be a complex, finite-dimensional, semisimple, associative al- 
gebra. Then, the regular module decomposes as 

r 

A^0(dimA)A-, (B.l) 

where the L\, ... ,L r form a complete set of non-isomorphic irreducible A-modules. That is, A 
decomposes as the direct sum of irreducibles with each irreducible appearing with multiplicity 
equal to its dimension. 

A useful "converse" to this result which will be invoked in Section|4]is the following: 

Proposition B.2. If the regular representation of a complex, finite-dimensional, associative algebra 
A decomposes as in (1B.1I) , where the L\,... ,L r form a complete set of non-isomorphic irreducible 
A-modules, then A is semisimple. 

When the algebra A is not semisimple, the decomposition of its regular module will contain mod- 
ules that are reducible, but not completely reducible. An indecomposable module M is one which 
cannot be written as the direct sum of two proper non-trivial submodules. Irreducible modules are 
examples. When the regular module of an algebra is written as a direct sum of indecomposable 
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modules, those that appear in the decomposition are called the principal indecomposable modules 
of the algebra. Let {T,} and {£,} be complete sets of non-isomorphic principal indecomposable 
modules of A and non-isomorphic irreducible modules, respectively. Wedderburn's theorem does 
not hold when semisimplicity is relaxed. It is replaced by the following generalisation: 

Theorem B.3. Let A be a complex, finite-dimensional, associative algebra. The two sets {Ti} 
and {A} ore put in one-to-one correspondence by associating a given principal indecomposable 
with its unique irreducible quotient. If r is the common cardinality of these sets, then the regular 
representation decomposes as 

r 

A^@(dim£,-)0V (B.2) 

i=i 

The theorem of reciprocity due to Frobenius is the second result covered in this appendix. It 
relates modules constructed from known ones through the classical constructions of restriction and 
induction. The first is easy to describe: When the algebra A contains a subalgebra B, any module M 
over A is also a module over B. (The action of an element of B on M is simply that of this element 
seen as an element of A.) We will denote this B-module by M| . As vector spaces, M and M\. 
are identical and have the same dimension. The second construction, induction, also uses a pair of 
algebras B C A as before, but the starting module M is now over B. The induced A-module, which 
we denote by , is the tensor product A®q M. (Section [6] provides a more detailed definition 
and several explicit examples.) Restriction and induction are "dual" operations in the following 
sense. 

Proposition B.4 (Frobenius reciprocity). Let B C Abe two finite-dimensional associative algebras 
over C. Let M be a B-module and N be an A-module. Then, the following isomorphism between 
vector spaces of module homomorphisms holds: 

Hom A (Mt ,M) = Hom B (M,:N'| ). 

The most familiar version of reciprocity corresponds to taking B and A to be the group algebras 
CH and CG of a pair of finite groups H C G. Finally, we shall need the behaviour of induction 
with respect to exact sequences. 

Proposition B.5. Suppose that 

— ► Mi — ► M 2 — ► M 3 — ► 

is an exact short sequence of B-modules. IfBcA, then there is an exact sequence involving the 
induced A-modules M,f = A ®g M,-: 

DVtit — >M 2 t — *-M 3 t — >0. 

Because induction preserves the exactness of short exact sequences except at the leftmost position, 
induction is said to be right-exact. 

We turn now to projective modules which play a central role in Section [8] An A-module 7 is 
projective if, when there are two other A-modules M and N and homomorphisms a : 7 — > INT and 
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y : M — > DSf with y surjective, then there exists a homomorphism 8 : CP — > M such that 70 8 = a. 
Equivalently, with the same input, there exists a homomorphism 8 : CP — > M such that the following 
diagram, with the bottom row exact, commutes: 



IP 



a 



M 



-» K 



-» 0. 



Here are some basic properties of projective modules. 
Proposition B.6. 



(i) Any direct sum of projective modules is projective. 

(ii) Every direct summand of a projective module is projective. 



Clearly (ii) implies that every projective module can be written as a sum of indecomposable pro- 
jective modules. There are many other ways to characterise projective modules. 

Proposition B.7. Let 7 be a module over an associative algebra. The three following conditions 
are equivalent: 

( i) CP is projective. 

(ii) ifM and N are any modules such that the sequence — >JA— >Ji— >7 — >0 is exact, then this 
sequence splits. 

(Hi) CP is a direct sum of principal indecomposable modules. 



The last statement shows the particular role played by the summands of (1B.2I) : The principal inde- 
composables are precisely the indecomposable projective modules. 
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